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1. DiiemMeHTHI TEOpUH

1.1. luHaMuKa BpamaTeJIbHOI0 JIBHKEHUSI

JIBUKEeHUE TBEPAOIO Tejla MOXHO MPEACTABUTH B BUJIE COBOKYITHOCTH
MOCTYNATEILHOT O ABMKEHHS BCETO TeJa CO CKOPOCTHIO KAaKON-TMO0 €ro TOUKH
Y BPALEHUA 3TOTO TEJIA BOKPYT OCH, ITPOXOASAIIECH Yepe3 ATy TOUKY.

Jlns onvcaHusi BpaniaTeaIbHOTO JBUXKEHUSI HEOOXOJAMMO HCIOIb30BaTh
yIJOBBbIE MapamMeTpbl (BEKTOpP MOBOPOTA, VYIJIOBYIO CKOPOCTh, YIJIOBOE
ycKopeHue u T.1.). Kpome TOro, oriaumvaeTcs W NpPUYMHA, BbI3BIBAIOIIAsS
M3MEHECHUE XapaKTepa JIBUKEHUS Tela. ECIu npu MoCcTynaTeIbHOM JBUKCHUN
JUIST UBMEHEHUS XapaKTepa JBM)XCHHUS HEOOXOJIUMO HaJlWuuhe OTIUYHOM OT
HyJI PaBHOJCUCTBYIOIIEW CHJIbI, TO B JAaHHOM CIIy4ae 3TOTO YCIOBUA
HenocTatouHo. [Ipu BpamarenbHOM JIBUKEHHUM, KOTAA CUIIOBOE BO3JEUCTBUE
OCYILECTBIIAETCA C LEIbK IPUAATh HEKOTOPOMY TEIy  BpallCHUE
OTHOCHUTEJIBHO KaKOW-TMO0O0 OCH, MHTEHCUBHOCTH BO3JECHCTBHUS 3aBUCUT HE
TOJIBKO OT BEJIMYWHBI MPUIOKEHHOW CHUIIbI, HO U OT PACCTOSIHUS OT TOYKH
MPUWIOKEHUS CHIIBIL 10 OCU. B CBSI3M € 3TUM IPU PaCCMOTPEHUU BPALLCHUS TEJl

1 BBOOUTCA ITOHATHC MOMCHTA CHJIBI.

1.2. MomeHT cuiibl. MOMEHT UMITYJIbCA

PaccmoTpuM MaTepuanbHyIO TOUKY

M maccou m, IBUKYIIYIOCS B HEKOTOPOH
CHUCTEME OTCYETAa OTHOCUTENIBHO TOYKU O

noa nevictBueM cuibl F (cm. puc. 1.1).

Puc. 1.1



Momenmom cunvt F oTHOCUTENBbHO TOYKKM () HA3bIBAETCA BEKTOpPHAas
BEJIMYMHA

M:[f,F]. (1.1)

Momenmom umnyrbca TOYKU M OTHOCUTENBHO TOYKM () Ha3bIBAETCs

BCKTOpPHAsA BCJIMINHA
L=[F,p]. (1.2)

— —

Hanpasnenne BexktopoB M, L omnpenensiercss ykazaHHBIMH BEKTOPHBIMU

npousBeneHusMu (1.1) u (1.2). Moaynu MOMEHTa UMITYJIbCA U MOMEHTA CHJIBI

COOTBCTCTBCHHO PABHBI

M =rFsin(a) = Fh,, (1.3)

L:rpsin(B):php. (1.4)

Bennunnbl hF u //lp Ha3bIBAIOTCI MjIedyoM cuibl F u uMmiyibsCa p

OTHOCUTEJIbHO TOYKU O cooTBeTcTBeHHO. Kak Mbl BuauMm, mooyiu M u L

3aeuciant ont MmMoOYKu O, ONMHOCUMENIbHO KOmOPOIZ pacemampueaemcs

osudicerue mamepuai bHOU MOYKU.

[Mponuddepennupyem cootHormieHue (1.2) mo BpeMeHH, MOTyIuM

dlL_d. _ 5] 5.4
dt [] |

3amMeTuM TCIICPB, YTO IICPBOC CJIAaracMocC



a BTOpPOC clraracMoc

Takum oGpazom,
=M. (1.5)

Cootnomenue (1.5) B BeKTOpHOUN (hopMe BBIpaXKa€T OCHOBHOU 3AKOH
OuHaAMuUKu  epawjamenbHoco Osudicenusi. Boipaxenue (1.5) momyueHo

MMPUMCHHUTCIILHO K MaTCpHaHBHOﬁ TOYKC.

1.3. MoMeHT HHEpPUHMH MATEPHAJIbHON TOYKH U TBEPIOIr0 Tesaa

Paccmotpum  Temepr  BpamiaTelbHOE JIBMIXKEHHE TBEPAOrO  Tela,
OCYIIECTBIIIEMOTO TIOJ JIEMCTBMEM MNPWIOKEHHBIX K HeMy cuwi. B
MOCTYNAaTEILHOM JBH)KEHUU MEPOM MHTECHCHUBHOCTH BO3JICHCTBUSI OIHOTO
TeJa Ha JPYroe SIBISETCA CUIIa, a KOJIMYECTBEHHOW MEpON MHEPTHOCTH Tela
[0 OTHOIICHHIO K JITOMY BO3JEHUCTBHUIO sBIsieTcs (U3UYECKasi BEIUYMHA,
HaszbIBaeMasi Maccoi. SICHO, 4TO, KaK M B Clly4ae MOCTYNaTEIbHOTO JIBHKCHUS,
NOMbITKAa MpUAAaTh Ty, o0JaJarolieMy Maccoil, BpalieHue Oyner
XapaKTEePU30BaThCA HEKOTOPOW HHEPIIMOHHOCTHIO, BBIPAKAIOIICHUCS B TOM,
YTO TENO MPUOOPETET KeTaeMylo YIJIOBYIO CKOPOCTh BpalllEHUsS HE cpasy, a
gyepe3 HEKoTopoe BpeMs. M3 ombiTa U3BECTHO, YTO CTENEHb MHEPIIMOHHOCTH B
JaHHOM cilydyae OyJeT 3aBUCETh HE TOJBKO OT MAacChl Tela, HO U OT €ro
r€OMETPUH, OT TOro, KakuM oOpa3oM, Ha KaKUX PACCTOSHUSAX OT OCH
BpallleHUsT  HaXOJATCS  OTHeNbHbIe dYacTh  (deMeHThl) Tenma.  Jms
XapaKTePUCTUKU MEphl MHEPTHOCTH TeJla TPU BPAIIATCIBHOM JBHKCHUU
BBOJUTCS (hU3MUecKash BEIWYMHA, Ha3blBaeMas MOMEHMOM UHepyuu Tena.

Cuauana PacCMOTPHUM 3TO NOHATHC TPUMCHUTCIIBHO K MaTepI/IaJIBHOﬁ TOYKEC.



PaccmoTpum MaTepuanbHyr0 TOUKY M, HAXOJSIIYIOCS Ha PACCTOSHUH 7
ot ocu OO0' (cm. puc. 1.2).
MOMEHTOM MHEPIUU 3TOW TOYKHA OTHOCHTEIHHO paccMaTpUBaEMOi OCH
HA3bIBACTCS BEITUYMHA
I=mr’. (1.6)
3aMeTHM Tenepb, YTO MOMEHT UMITYJIbCA MOYKHO MPEJCTABUThH B BHJIC

L=[F,p]=m[F.V]=m|F,[®,F]|=m(&(F,F)-F(F.0))=mr®

WU
L=/®
O
O
r M
<« >
0’
0’
Puc. 1.2

Tenepp  paccMOTpUM  TBEpPAOE  TEJIO, KOTOPOE  PacCHOJIOKEHO
OTHOCHUTEJIbHO BBEJECHHOW HAMM OCH TaK, KakK MOKa3aHo Ha puc. 1.2. Beimenum
B TeJie AJIEMEHT o0beMa dV u Maccoil dm , HAXOASAUIUNACS HA PACCTOSIHUU 7 OT
ocu. Tak kak pasMepbl 3TOr0 3JIEMEHTa Mallbl, TO €ro MOXHO CUHUTaTh
MaTEepUANBHOW  TOYKOW. Torma MOMEHT HHEPUMHM JTOr0  JJIEMEHTA

OTHOCHUTEJIbHO OCH MOKHO 3aMHcaTh, MOIb3ysich popmyoi (1.6):



dl = r*dm. (1.7)
MowmeHT HHCPpOUHU - BCJIIMYMHA aAAUTHUBHAA: MOMCHT HWHCPLIHH

MEXaHUYECKOM CUCTEMbI PaBCH CYMMC MOMCHTOB MHCPIIUU €C YacTe:

N
1=>1,.
k=1

I[JIH MMPOTALKCHHBIX TCEJI MOMCHT MHCPIUHM OIPCACILICTCA KaK CyMMa
MOMCHTOB HHCPHOHUU OTACIIBHBIX 3JICMCHTAPHBIX qaCTeﬁ, Ha KOTOpPBLIC MOKHO

pa3ouTh TENIO, T.C.

1=jr2dm. (1.8)

®opmyna (1.8) sBISETCS OCHOBHOW TMPHU pacyeTe MOMEHTOB HHEPIIMHU
TBEPJbIX TEI TMPOU3BOJbHOM (opmbl. BaxHO OTMETUTH, UTO TMpHU
CYMMHUPOBAaHUMU (MHTETPUPOBAHUHU) DJIEMEHTAPHBIX MOMEHTOB HHEPIIUU
BEJIMYMHA 7 OyJIeT MEHSThCS, TaK KaK Ka)KJOMy JIEMEHTY Tejla Maccou dm
OyZeT COOTBETCTBOBATh CBOE paccTosiHHe OT ocH 7. B cBsizu ¢ atum B (1.8)
BEJIMYMHA 7 HE MOXET OBITh BBIHECEHA M3-T10]] 3HaKa MHTETpaJa.

3aMeTHM, 4TO, HCIIOJIb3Ys MpPECTaBICHHE dm = p(V)d V', (1.8) MoxHO

MepeIucaTb B BUIC

I=[p(r)rdv. (1.9)

Vv
Ecmu Tteno OJHOPOAHOC, TO INIOTHOCTHL BO BCCX TOYKAX €TO obobeMa

IIOCTOsIHHA U OJMHAKOBA, TaK YTO

I=p[rav. (1.10)
vV

BaxxHo umeTh B BHIY, YTO, KAK U B CJIy4ae OIPEIEICHHUS MOMEHTOB
CWJIbl U UMITYJIbCA, BEJIMYMHA MOMEHTA MHEPLIUU TeNla OyAeT 3aBUCETh OT OCH,
OTHOCUTENIBHO KOTOPOH pacCMaTpHUBAETCS BpPAIlleHUE dTOTO TelIa.

[Ipymepsl BBIUMCICHUS MOMEHTOB HWHEPLMHM TN PA3TUYHON (POPMBI

MpUBEACHBI B IPUIIOKEHUU (CTp.54).



MomMeHTBI HHEPIUMHU HEKOTOPLIX TEJI OTHOCUTEC/IIBLHO OCH,

npoxojsiniei yepe3 UxX HEHTP Macc

Cru1o1HOM OTHOPOAHBIN HHJIUHAP I
oucka yurunopa = EWIR
(muck)
Koub110 BHELIHETO paanyca u 1 , ,
Ly =—m(RS +R?)
Konvya
BHYTPEHHETO 2
2
H_[ap wapa = _mR
L
CTep)KCHB cmepocna —ml
12
o 1 2 2
OaHOpOAHBIN NTapaITIETCIUIIE] naparienenuneda — EM(a +b )
|
Ky6 ]Ky6a =—ma
6
3
Konyc =—mR’

KoHyca

10




1.4. MoMeHT HHEPUMH TeJIa OTHOCUTEIbHO MPOU3BOJIBLHOM OCH,

He npoxojasimei yepes ueHtp macc. Teopema IllTeitnepa

Ha mpakTthke YacTo BO3HHMKaeT HEOOXOIUMOCTh B BBIUMCICHUU
MOMEHTA MHEPLUU TeIa OTHOCUTEIIBHO OCH, HE MPOXOAALICH Yepe3 ero LHeHTp
Macec.

PaccmoTpum Teno mpousBoiibHOM (opmbl Maccot m u ock OY,
IPOXOSAIIYI0 Yepe3 €ro LEHTP Macc MEpPHEHAUKYIIPHO 4YepTexy (CM. puc.

1.3).

Puc. 1.3

HpeIIHOJIO)KI/IM, 94TO MOMCHT HWHCPHOHUHU OTHOCHUTCIIBHO 9TOM OCH

HU3BCCTCH U PaBCH ]0 . Beruncimm MOMEHT HHCPIOHH 3TOT0 TCJIa OTHOCUTCIBbHO

ocu O'Y', mapamnensHo ocu OY M OTCTOSILIEM OT HEE HA PACCTOSHUM a .
Pazo6bem 00beM Tena Ha N 3J€MEHTOB JOCTaTOUYHO MAJIOTO pa3Mepa, YTOOBI
UX MOXKHO OBLJIO CYMTATh MaT€pUAIBHBIMU TOUKaMU. PaccTosiHue OT 3jieMeHTa

macco Am, 1o ocu OY paBHo F;. OT ocu O'Y’ 3TOT K€ 3IIEMEHT OTCTOUT Ha

paccrosuud ¥ . U3 puc. 1.3 BugHO, 4TO

=

r=a+

1

=
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Bo3Boas 3TO COOTHOIIICHUE B KBaapar, rnojgydacm

2 2 2 - =
¥ =r"+a +2a-r.
YMHOXast 00€ 9acT! MOJIy4EHHOTO PaBCHCTBA Ha Am,, IOJTy4aeM

Aml.rl.'2 = Aml.rl.2 + Amla2 +2a-rAm,.

CyMmmupys 10 BCEM 3JIEMEHTaM, MOJIy4aemM

Z:Aml.rl.'2 = z:Aml.rl.2 + Z:Aml.a2 + 252 rAm, .
i i i i

IlocnenHee COOTHOIICHHUE MOKHO nepemnucaTtb B BUIAC

I=1, +ma’ +2ﬁZf'l.Aml. .

3amMeTum TaKX€, 4YTO

re r, - BEKTOp, nIpoBelaeHHbIi oT ocu OY k nentpy macc tena. Tak xak och

OY npoxoaut depes LEeHTpP Macc, BeKTop K, = 0. B urore umeem
I=1,+ma’. (1.11)

Cootnomenue (1.11) mpencraBisier coboil mMaTemMaTH4ecKyo (popmy
3anucu  teopemsl  llrelinepa: momenm  umepyuu I omuocumenvHO
NPOU3BONILHOU OCU paseH cymMme MomeHma unepyuu ly omHocumenvHo ocu,
napanienvHol  OaHHOU U Npoxoosujer uepe3 YeHmp macc mend, U

npouSGeOeHu}z Mmaccovl meia Ha Kea()pam PACCMOAHUA Meofcdy OCAMU.
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1.5. BbIBOX OCHOBHOI'0 3aKOHA IMHAMHUKH BPalIATeJIbHOT 0

ABMIKCHHUA TBEPIAOIo T€JIA

ITycTh Ha KaXkAbli 371€MEHT Tesa Macco Am. nencrtByer cuna F.. s

KaXXJIOT0 i-T'0 dJIEMEHTa cripaBeiauBa Gpopmyna (1.5):

_: [ﬁp] Mi:[ﬁj‘i], (1.12)
[lepenumem (1.12) B Buze
dL, _dr. . -4 o [
Ca=lE Amy, J= M, -|£.E | (1.13)

3anumieM CBS3b MCIKIAY yrHOBOﬁ U JIMHCHUHOU CKOpPOCTAMU TOYKH IIpHU €C

BpalllCHUH BOKPYT OCHU B BUJIC

v=[a,r| (1.14)

C yuetom (1.14) MmoxeM 3amucathb

[E.Am[0.5]]=Am [ £ [o.F
=Am [ &(F.F) K (E,0 ]

"H
s I_I

70 =AL®, (1.15)

rae Al, - MOMEHT UHEPLIUU dJIEMEHTAa MacCOU Am, OTHOCUTEIBHO BBIOpaHHOM

ocu. B (1.15) MBI yunu, 9TO yriioBas CKOPOCTh BCEX 3JIEMEHTOB a0COIIOTHO
TBEPJIOTO TeJia JOJKHA OBITh OJIMHAKOBOM.

Teneps (1.13) MoxHO 3anucaTh B BUE

D AT _AJE=M . (1.16)



[IpoBenem cymmupoBaHue 1o BceM N 3jeMeHTaM Hallero Teja, MoJIyYruM

o dt dr\ ‘5 7/ S i=1
KaK MbI BUIHUM, 9TO COOTHOIICHHNC MOXKCT 6BITB 3aIlIUCaHO B OI[HOﬁ Hnu3

cieayomux Gopm

- L

M=—", 1.17
7 (1.17)

M=%, (1.28)

BBIp@XAIOIIUX B MaTreMaTH4ecKod (opMe OCHOBHOM 3aKOH JUHAMUKHU
BpALIaTEIbHOIO JBUKEHHUSI TBEPAOTO TEINA: Pe3yIbmupyiomu MOMeHm Cul,
NPUNIONCEHHbIX K MmeNy, onpeoeisem U3MeHeHUue 60 8peMeHU MOMeHmda
UMNYIbCa 5Mo20 mena OMHOCUMENbHO pACCMAmpueaemMou ocu WIu
PE3VILIMUPYIOWUL MOMEHM CU, NPUTIOHCEHHBIX K Mely, PAGeH NPOU38e0eHUIO
MOMEHmMa uHepyuu 3mo20 meia OMHOCUMENbHO PACCMAMPUBAeMol ocu Ha

€20 Y2ll060¢€ YCKOpeHUue.

1.6. 3aKoH coXpaHeHHUs MOMEHTAa UMITYJIbCa
PaccmMoTpuM  MeXaHHMYECKyl0  CHCTEMY, coOCTosmyro u3 N
B3aMMOJICUCTBYIOIIMX YacTUll (MaTepHalbHbIX To4ek). OO003HAuuM Cuiy,
JEMCTBYIOUIYIO Ha YacCTUIy C HOMEPOM I CO CTOPOHBI YaCTHUIIBI C HOMEPOM j

uepe3 K. IIpeanonoxxum, 4ro KpoMe BHYTPEHHHUX CHII HA KaXIYH YacCTHILY

HeﬁCTBYIOT TaKXXC BHCIIHHC CHIIBI, paBHOI[CﬁCTBYIOHIYIO KOTOPBIX JIA -1

HJaCTHUILIbI 0003HaYNM acpes Fi" 3anumiem YPaBHCHHUC ABUIKCHUA HJIA BCCX N

MAaTCPUAIIBHBIX TOYCK, ITOJTYUYHUM
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%z ot tF 4+ F +F,

dl_ii I " T )
E=FI-1+---+FI-J~+---+EN+FH (1.19)
dp _

ng =F,, +. +F +. +FN(N1) |

YMHOXHMM Kaxnoe u3 ypaBHeHud cuctembl (1.19) cneBa u cmpasa

BCKTOPHO Ha T, MOJIY4HM

_i‘ p, | :%:[i‘],(fﬂz +...+F, +...+EN)}+[171,E'}

|V dr
‘iz =%=[f;,(f?ﬂ+...+Ej+...+EN)]+[f;,E'} (1.20)

[fN,dgtN}:dZN [ (F +...+F +. +FN(N1))]+[T~N,F;V]

CKJIaJIBIBaSI YpPpaBHCHUA CUCTCMBI, ITOJIYy4aCM

I NS ARSI

i=I = i=1

NJIn
AL . =7 -
—=Z r.FE |+ M
d 124 ’
t i=l
L . }
rne L, F u M — cymmapHblii MOMEHT HWMITyJbCa CHUCTEMBI TOYEK,

paBHOHCﬁCTBYIOHIaH BHYTPCHHHX CUII, HeﬁCTByIOHIHX Ha I-10 TOYKY H
peBy.HBTI/IPYIOH_II/Iﬁ MOMCHT BHCIIHHX CHII, HeﬁCTBYIOHIHX Ha CHCTCMY

MAaTCPUAJIBHBIX TOYUCK, COOTBCTCTBCHHO.



[Tokaxxem, 4To

>[r.E]=0.

i=1
Paccmotrpum puc. 1.4, Ha KOTOpOM

Mpe/icTaBlieHa TMapa B3aUMOIECHCTBYIOUIUX

TeJl ¢ HoMepamHu I U j. 11o Tperbemy 3akoHy

Herorona K; =—F;. Bunno, uro

Puc. 1.4 :|:(*J__i-’i)’_’ij]:[f'ij,ﬁij]=0.

Takum oGpazom,
=M. (1.21)

Cootnomienune (1.21) BbpakaeT co0OM 3aKOH M3MEHEHHUS MOMEHTa
HUMITYJIbCA CHUCTEMBbI MaTE€pUATIbHBIX TOUCK: UMEHEHUE B0 8DEMEHU MOMeHmAa
UMNYIbCA — MEeXAHUYeCKOU  CUCMmeMbl  PABHO  CYMMAPHOMY — MOMEHM)
0elicmayrouux Ha Hee GHeUHUX CUIL.

N3 (1.21), B yacTHOCTH, CIIEIyeT, YTO €CJIM Ha CUCTEMY HE JEHUCTBYIOT
BHEIIIHKE CUJIbI WM UX CyMMa paBHa HYNIO (TOTJla U MOMEHT BHEIIHUX CHJI
paBeH HYJIIO0), TO

daL =0. (1.22)
dt
Cootnomenune (1.22) ectb maTemaTudeckas ¢opMa 3amucu 3aKoHa

COXpPAaHCHHUA MOMCHTA UMITYJIbCA: USMEHEHUE 60 6PEMEHU MOMEHMA UMNYIbCA

SCZMKHymOIJ MexXaHUu4ecKoll cucmemol PABHO HYJIO.



15

1.7. I'mpockon

['mpockonoM  Ha3bIBa€TC  MACCHBHOE  CUMMETPUYHOE  TEJo,
Bpaliaromnieecss ¢ OOJBIION CKOPOCTHIO BOKPYI OCH CHUMMETpHH. TepMuH
“rUpocKon’ MOJYYEH OT IPEYECKUX CJIOB “THPOC” - BPALLIECHHE U “‘CKOINEO” -
HaOmoaaro. B HacTosmiee BpemMsi ’TOT TEPMUH MIPUMEHSETCA 711 0003HaYeHUs
npuOOpOB, B KOTOPHIX MCHOJB3YIOTCS TMpOcKonuyeckue sineHusi. Hauboiee
HIMPOKOE MPUMEHEHUE TMOJYYWId THUPOCKONMMYEecKre Npubopsl Ha 0Oaze

OBICTPOBpALIAIOLIETOCS CUMMETPUYHOTO THPOCKOTIA.
Ecnu ock rupockomna HEMOJBUXKHA, TO €r0 MOMEHT UMITYJIbCAa MOXKET

OBITH 3aITMCaH B BHUAC

—

L=/o, (1.23)
rae [ - MOMEHT MHEpPIMU THPOCKONA OTHOCUTEIBHO OCHM CHUMMETPUH, © -
yra0Bas CKOpPOCTh ero Bpamienus. M3 (1.23) BuaHO, 4TO B 3TOM Cliydae BEKTOP
MOMEHTAa HUMITYJbCa NapajluIeJIeH OCH THpockomna. Ecin ock THpocKoIa
BpallaeTcs ¢ YyriaoBOM CKOPOCThIO €2 BOKPYr Kakou-nubo Apyrol ocu,
MIPOXOsIIEH Yyepe3 EHTP Macc Tupockomna, To (1.23) Heo6xoUuMo 3anucaTh B

BHUAC

—

L=16'=1(6+9Q). (1.24)

—

Kak Bugno u3 (1.24), tenepr Bektop L yXe He cOBIAgaeT C OCHIO
rupockona. OIHaKO 00BIYHO M >> (), TaK 4TO MPUOIMKEHHO MOXXHO CUUTATh,
9TO

L~lo. (1.25)

B nanbHeiiiem 6yneMm cunutath, 4To > ().
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PaccMmotpum rupockomn, mpeacraBieHHbld Ha puc. 1.5. Ilpunmoxum k
ocu OY rupockona cwibl F napamnensno ocu O"Z u nmonpoOyeM MOBEPHYTh
rupockonn  Bokpyr ocu  O'X. Msl
YBUAMM, YTO THPOCKOI MOBENET ce0sl He
TaK, KaK Mbl OXHJAJIM: OCh TMPOCKONA
HAaYHET MOBOPAYMBATHCS HE BOKPYT OCHU
O'X, a Bokpyr O"Z. Takoe HEOObIUHOE
HAa  TEpBbIM  B3MJIS,A  TIOBEACHHE
rUpOCKONa MOJIYYHJIO Ha3BaHHE

eupockonuyeckuti d¢gexm. OOBICHUTH

JaHHBIA 3(PPeKT MOXKXHO Ha OCHOBE

Puc. 1.5

OCHOBHOI'O 3aKOHa JAUHAMHUKH

BpalaTeJIIbHOT'O JABHIKCHMUA.

—

HeiictBurensHo, napa cuin F, mpuioxeHHas K OCH TMPOCKONA, CO34acT

—

MOMEHT cwii M, HampaBJIeHHBIN Tak, Kak MOKa3aHo Ha puc.l.5, To ectb BAOIb

ocu OX. M3 OCHOBHOr0O 3aKOHa AUHAMUKH BpPAIaTCIIBHOTO AIBUKCHUA

TBEPIOTO Teja CleAyeT, u4To 3a BpeMs df Bekrop L MomeHTa mmmyibca

T'UPOCKOIIa ITOJIYUYHUT NPUPAICHUC
dL =Mdr, (1.26)

—

npudemM, kak BuaHo u3 (1.26), nanpasnenue Bekropa dL. conampasieno ¢ M.

—

B pesynbrare mo mpomiectBuu BpeMenu df Bektop L, a ciemoBaTenbHO, U

OCb THPOCKOIIa SaﬁMYT HOBOC ITOJIOKCHHUEC B IIPOCTPAHCTBEC, IIOBCPHYBIIUCH HA

—

MaJiblid yroi d¢@ Bokpyr ocu O"Z, nostomy cuia F, He U3MeHsSI BETUUNHBI

BCKTOpa L , 3aCTABJIACT €0 KOHCI OIIMCBhIBATHL OKPYKHOCTH B FOpHBOHTaHBHOﬁ

IUIOCKOCTU. Takum 06pa30M, 101, I[CﬁCTBHCM MOMCHTa BHCIIHHX CHJI OCbHb

—

THPOCKOTIA BPAIAETCs C YIJIOBOM CKOPOCThIO €2, OMUCHIBAs B MPOCTPAHCTBE

— —

KOHYC. HOCKOHBKy BCKTOPD M IMOBOPAYMUBACTCA BMECTC C BCKTOPOM L, a ux

B3aMUMHOC PACIOJOKCHHUC HC HN3MCHACTCA CO BpPEMCHCM, BpPAIICHUC OCHU
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—

T'upoOCKoOIla IIpU noctossHHON cuine F  okaspiBaeTcs PaBHOMCPHBIM. 910

—

BpAIlICHUE HA3bIBACTCS PETYJSIPHOW Mpeleccueid, a BenuynHa €2 — yrioBoii

CKOPOCTBIO ITPEUCCCUMU.

—

YCTaHOBHM CBSI3b MEKAY BEKTOPOM YIJIOBOM CKOpocTH €2 BpalleHUs

ocu OY oTHOCHTENBHO ocH O"Z BEKTOPOM MOMEHTA HMITyJIbCa THPOCKoma L
¥ BEKTOPOM MOMEHTA TPHIOkKeHHbIX cul M. M3 puc. 1.5 BHgHO, 9TO

dL=Ldo. (1.27)

N3 coornomenus (1.26) nonyyaem

dL=Mdt . (1.28)
[TpupasnuBas (1.27) na (1.28), nonyyaem

Mdt=Ldo,
m=1%2
dt
M:[Q,E]. (1.29)

Cootnomenue (1.29), nonyyeHHoe npu yCIOBUH, YTO BEKTOphl Q@ 1 M
NEepPHeHAUKYIIAPHBI, CIpaBeUIMBO W B OOLIEM Cly4ae MPOU3BOJIbHOU
B3aMMHOM OpHEHTAIIMN YKa3aHHbBIX BEKTOPOB.

[Ipy KOHCTPYKTUBHOM HCIOJIHEHUHU TUPOCKOIA €T0 OCh 3aKPEIIseTCs B
noamunuukax. [loaToMy mOMBITKA TOBEPHYTh MNPUHYIUTENBHO  OCh
TUPOCKONa 3aJaHHbIM 00pa3oM TpHUBEAET K BO3HUKHOBEHHMIO CHII,
JNEUCTBYIOIIMX CO CTOPOHBI OCH THUPOCKONA HA MOAIIMITHUKUA. OTU CHUJIbI
Ha3bIBAIOT THPOCKOMUYECKUMHU.

Hapsny ¢ nperieccueit B THpOCKONE CYIIECTBYET ABUKEHUE — HYTaIIMs.
Hyrtanumeii Ha3piBaeTcsi KoseOaTeNnbHOE IBMKEHHME OCH POTOpa THPOCKOIA,
HaKJIa/IbIBaIOIIEECs] HA €€ OCHOBHOE MpELEecCuOHHOe BUkeHue. Kpome toro,

HYTaHHeﬁ Ha3bIBAIOT ABHIKCHUC T'HPOCKOIIA 110 UHCPIHUU. HYTaI_II/ISI BO3HHUKACT
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BMECTE C MPELUECCHEN M NPOJOJIKAET CYLIECTBOBATH IOCJE MPEKPAIICHUS
npeueccun. Ilpeneccus mpekpanjaercs cpa3y ke, Kak TOJbKO Ha TMPOCKOI
repecTaeT ACHCTBOBAaTh BHEIIHWM MOMEHT. Ecim HyTanus, BO3HUKArOLas
BMECTE C IPELECCUEH, 3aTyXaeT, TO B MOMEHT IPEKPALIECHUS NPEUECCUH
HYyTalMsl MOSIBUTCA BHOBb M OYIET MPEACTaBIATh COOON NBUXKEHUE TMPOCKOMa
no uHepuuu. HyTamuio MOXKHO paccMaTpuBaTh Kak IMEPEXOAHBIN Ipolece,
MIPOUCXOSAIINNA B THPOCKOIIE.

C mposiBIIeHHEM THUPOCKOMUYECKOro 3¢ (deKkTa MPUXOJUTCS CUUTATHCS
IIPU  HCMOOJIb30BAHWUM MHOTMX MAIIMH W  MEXaHW3MOB, HMMEIOIINX
BpaLIAOIINECS JETAIH, OCU KOTOPBIX C TEYEHUEM BPEMEHU U3MEHSIOT CBOE
MoJIOXKeHHEe B mpocTpaHcTBe. ['upockonuueckuii  3pdekr  mupoko
UCIIOJIb3YETCs TaKkKe B Pa3HOOOPa3HbIX YCTPOUCTBAX, MPEIHA3HAYCHHBIX JJIs
CTaOMJIM3AIMK T€X WIM UHBIX TeJl B 3aIaHHOM TOJIOKEHHUH.

CoBpeMeHHBbIE THPOCKONMUYECKHE MPUOOPHl MPEACTABISAIOT  COOOM
CIOHBIE DJIEKTpPOMEXaHWYECKHE ycTponcTBa. OHUM NPUMEHSIOTCS B
pa3TUYHBIX 00JACTSIX TEXHUKH: KOCMOHABTUKE, aBUAIIMU, MOPCKOM (piioTe st
nenel HaBUTalMM, s CTaOMIM3alMu OpYyIUd, TOPHOPYAHOW U HeDTSIHOU
MPOMBIIIEHHOCTH, JUIsl MPOKIAJKU IIaXT, Npu OypeHHH CKBaxuH u 1p. C
MOMOIIbIO  TUPOCKONMMYECKUX  MNPUOOPOB  OMPEACNAIOT  HampaBleHUE
MEpUJMaHa W WCTUHHOM BEPTUKAIN, HU3MEPSIOT YIJIOBBIE CKOPOCTH U
YCKOPEHHUs, a TaKXKe JMHEHHYI0 CKOPOCTh JIBU)KEHUS PA3UYHBIX OOBEKTOB U
KOOPAMHATBI UX MECTOTOJI0KEHUS.

K mpumepy, camoneT, HaxOIOAIIMKICS B BO3AYXE, MOXKET NPUHUMATh
m000€ TOJIOKEHUE OTHOCHUTENIbHO IIOCKOCTEH TOpU30HTa M MeEpHUAHaHa.
[ToaTOMY 17151 BBIIIOJIHEHUS NPSIMOJIMHERHOTO TOJIETA B YCIOBUSAX OTCYTCTBUS
BUJMUMOCTH 3€MHBIX OPHEHTHUPOB CaMOJeT JIOJDKEH OBIThb 000pylI0BaH
npudopamu, KOTOPBIE MO3BOJISIIIN Obl KOHTPOJIUPOBATH HE TOJBKO KypC, HO U
TOPU3OHTAIBHOCTh mojiera. C 3TOM ILENb0 HAa COBPEMEHHBIX CaMOJIETAX

HCIIOJIB3YIOTCA T'MPOCKOIINYCCKHUC HpI/I60pBI, IIaBHasA OCb KOTOPBIX COXPAHACT
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HampaBiieHre BepTUKadu. [log0OHBIH THPOCKOMUYECKUA MNPUOOP MOTYUHII
Ha3BaHUE «TUPOTOPU30HT.

OnHako BO3HMKHOBEHME TMPOCKONMYECKOTO MOMEHTa HE BO BCEX
CIIy4asiX UI'PaeT MOJOKUTEIbHYIO pOJb. HacTO OH SIBIISIETCS HEXKEIATEIbHBIM.
Tak, HanmpuMmep, BO3AYIIHBIA BUHT CaMmoJieTa, SIBISIETCS OJAHOW W3 NPHUYUH,
MOPOXKIAIOIMIMX OMKUOKH MUIOTUPOBaHUA. Beskuil pas3, Kak TOJBKO cCaMOJIET
HAaYMHAEeT COBEPIIATHh MOBOPOT JIMOO BOKPYT MOMEPEYHON OCH, MO0 BOKPYT
KypCOBOM OCHM, Macca BHHTa IIOJy4aeT BpALIEHHUE BOKPYT [BYX OCEH
OonHOBpeMeHHO. llpm  coBepumieHMM  €caMOJIETOM  pa3BOpOTa  BOKPYT
BEPTUKAJILHON OCH BIJIEBO HOC MalIMHBI OyAeT 3aaupaTtbes KBepxy. Eciu
Pa3BOPOT BBHIMOIHAETCA BOPABO, TO BCJIEACTBUE MHEPLMH MAacChl BUHTA HOC
camoJeTa OyJIeT OIyCKaThCsl BHU3.

['upockonuueckuir 3dekr BooOlIe HUrpaeT BeCbMa CYIIECTBEHHYIO
poJib B JKU3HU BceneHHOMW, Tak Kak Bce 3B€3/lbl U IUIAHETHI, B TOM YHUCIE U
Haia 3eMJIs, HETPEPhIBHO BpallatoTcsl BOKPYT CBOMX ocell. B cBOro ouepens u
AIIEKTPOHBI, TIepeMENIAtONINecs M0 CPEepUUECKIM MOBEPXHOCTAM BOKPYT SApa
aToMa, OBICTPO Bpalllasich BOKPYT CBOMX OCEH, BEAYyT ce0sl KaK 4pe3BbIYaHO
MUKpPOCKOIIMYECKHE BOJYKH, pa3BUBas MpPU STOM BpalleHUU COOCTBEHHBIN

MOMCHT KOJIMYCCTBA IBHKCHMUA.

1.8. KuHeTn4eckasi 3Heprusi Bpallammerocs reJjia

Paccmotpum eme pa3 puc. 1.2. DnemeHT Tena maccoil dm , Bpamasch
BOKpYr HemoJaBmWxHOW ocu (OO' Ha pacCTOSHHUM 7 OT HEE C YIJIOBOWM
CKOpPOCTBIO ®, OyIeT HUMeTh JUHEHHYI0 CKOPOCTb JBIXKEHUS UL =7 .

KuneTtndeckas sHeprust 3TOro 3j1eMeHTa 0yneT paBHa
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dmv? B dmr’o’ B dlo’
2 2 2

dE = (1.30)

WurterpupoBanue (1.30) nact, 0O4eBUAHO, KUHETHYECKYIO HSHEPTHUIO

BpaaTCJIbHOI'O ABUIKCHUA TBECPIAOTO TCJIA:

(1.31)

dlo® 1o’
E=lT =0

Tac I - MOMEHT HHCPIHU TCJIa OTHOCUTCIBbHO OCH BpAIlICHU.

BbipaxxeHue 11l KHHETHYECKOM YJHEPIrUHU TeIa NPHU CJI0KHOM
ABUKEHUUN
IlycTtp TEnO, HpeACTaBIEHHOE Ha pHUC. 1.2, COBEPIIAET ILJIOCKOE
JIBMKEHUE  TaK, KaKk  3TO
nokazaHo Ha pwuc. 1.6. Kak
BUJIHO U3 puc. 1.6, nBMXKEHHE
IIPOU3BOJIBHON TOYKH M Tena 3a
MaJjblii MHTEpPBaJl BpEeMEHH df
MOXXHO  TPEJICTaBUTh  Kak

KOMOMHAIIMI0O  JBYX  BHJIOB

ABWIKCHUS: IMOCTYIIATCIIBHOTO,

OoNpCcACIKICMOTO BCKTOPOM dS11

M BpAIIATENLHOTO,  33/@aBAEMOTO  BEKTOPOM dS, , Tak 4YTo oOmiee
NIEPEMEILEHNE 3a BpeMs df Oyzmer ds=ds +ds, .

Pa3nenus o0e yacTH MOTY4YEHHOTO COOTHOILECHUS Ha df , HAllaeM, uTo
< < <!
V=V _+V, (1.32)

—

Tac ;’C ) v - CKOpPOCTH MOCTYHNATCIbHOI'O ABHIKCHHA ICHTPA MACC TCJIa Cnu
CKOpPOCTH BpalllCHHA paCCManHBaCMOﬁ TOYKH OTHOCHUTCIIBHO OoCH,
HpOXOIISIHleI qcpe3 ONCHTP MacCC. Kak MbI YK€ BbIAICHUJIN, BCIINYHUHY v’ MOXHO

MNpeacCcTaBuThb B BUAC
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=[o,r].
TOFHa JJIs1 KI/IHeTI/IquKOﬁ 3HepFI/II/I QJICMCHTA dm , CBA3aHHOI'O C TOqKOﬁ

M tena, nosyyum

®. (1.33)

d_m(i].)zzd_moz dM(

2 dm dmr’
: : r]) =—vl+

C

v+ o,

Wnrerpupys (1.33) nonyuaem

mo: o’
+_

E=v I—+—Idmr +I [mr]dm— 5

+

m02 I’

V.0 [ Fdm =
m

e I, - paanyCc-BeKTOP LEHTPa Macce Teja.
Tak Kak MOJBUXKHYIO CUCTEMY OTCYETAa MBI CBSI3AJIM C IIEHTPOM Mace
TeNa, TO, OYeBUAHO, uTO I, =0. Torma A KMHETHYECKOW SHEPIUH Tela IpH

CJIOKHOM IBHXCHHUU I1O0JIYyHaCM

mo’ I

E=—%4—7 1.34
> T (1.34)

rae / - MOMEHT MHEpPUHH Tella OTHOCUTEIBLHO OCH, MPOXOSIIEH dYepe3 €ro
IIEHTP Macc.

Takum 00pa3zoM, KHHETHYECKAs SHEPrusl Teja MPU €ro IMPOU3BOJIHLHOM
IJIOCKOM JIBMDKEHUW paBHAa CyMME KMHETHUYECKOW IHEPTUM MOCTYMNaTeIILHOTO
JBIDKCHMSI Tejla, MPOUCXOASIIET0 CO CKOPOCThIO €ro IeHTpa Macc, H
BpalaTeILHOIO JIBIXKEHUS TeJla BOKPYT €ro IIeHTpa Macc, MPOUCXOISIIETO C

YIJIOBOM CKOPOCTBIO @ .
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1. JIaGopaTopHBIH NPAKTHKYM

2.1. JlTaboparopnas pabota 1-4
OnpenejieHHe MOMEHTOB HHEPIUH TeJI METOAOM

TPU(PUIAPHOrO NOABECa

eab padoThl: ONpPeaeTUTh MOMEHT UHEPLIMU TEJNa OTHOCUTENIBHO OCH,
NPOXOJAIEN uepe3 €ro ILEeHTP Macc, OSKCIEPUMEHTAIbHO IPOBEPUTH

aJJINTUBHOCTh MOMEHTA MHEPLUH U TeopeMy LITeitHepa.

I[Ipu6opbl 1 NPUHANIEKHOCTH: TPUPWIAPHBIN MOJBEC, CEKYHIOMED,

IITaHT€HLIUPKYJIb, JIMHEHMKa, HabOP TeJl.

Metoa 3KcnepuMeHTa

Lenbto naHHON pabOThl SABISIETCS OINpeJeiIeHue MOMEHTa HHEpPLUU
HEHarpyXeHHou 1iat@opmbl U MIATGOPMBI C MCCIETYEMBbIMH TEJIAMH, YTO
[I03BOJISICT HAWTU MOMEHTBl MHEPLUUM CaMUX TEJI U IPOBECTU IPOBEPKY
aJIUTUBHOCTA MOMEHTa HWHEPIUHU, a Takke yOeauTbCs B CHPaBEIJIUBOCTH
teopemsbl Illteiinepa. [ns 3TOro B HEHMl HMCHONB3YyeTCS METON TPUPUISIPHOTO
rojBeca.

Tpudunapueiii noasec mnpeacTaBisieT cO00M MOABMKHYIO KpPYIIIYIO
mwiatpopMy paguycoM R, TMOABEHICHHYI0 Ha TpeX HUTAX, CUMMETPUYHO
PACIOJIOKEHHBIX, K MajoMy JHCKYy pPaguycoM F, 3aKpeIUICHHOMY Ha

KpoHITeHHE (cM. puc. 2.1).
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Ecmu BerHI/Iﬁ AUCK C IOMOIIbIO IMHYpAa IIOBCPHYTH OTHOCHUTCIBHO
HJIaT(l)OpMBI Ha HCKOTOpBIﬁ yYrojl o , TO BCC TPpU HUTHU INCPCKAIIMBAIOTCA H
OCHTPp TAXKCCTHU HJIaT(I)OpMBI MNPpUIIOAHNUMACTCA Ha HC6OHBH_IYIO BBICOTY
h:Z—ZO, rac zp - KOOpJAWHATa HOCHTPaA MacCC HJ'IaT(i)OpM]'::I B HayvaJbHBLIM
MOMCHT BPCMCHH, Z - KOOpJAHHATa LCHTPAa MACC B HpOI/ISBOHBHBIfI

MOMCHT BPCMCHHU (Haqano KOOpAWHAT COBMCIICHO C LICHTPOM BerHeﬁ MaJiou

m1aTGOpPMBbI, OCh Z HapaBlieHa BHU3).

Puc. 2.1

B mpemocTtaBieHHOM IOCIIE 3TOTO caMOMy ce0e YCTpOWCTBE HA4yHYT
COBEpIIAThCS KPYTHUIIbHBIC KOJIEOAHUs, IEPUO KOTOPBIX 3aBUCUT OT MOMEHTA
WHEPIMH TIOJBEIICHHONH CHUCTEMBbl. MOMEHT HWHEpIIMH, a CIIEeJOBATCIIbHO, U
nepuoJ; KojiebaHui OyayT MEHATHCS, €ClIM IUIaThOpMy HarpyxaTtbh KaKAMHU-
1100 TEIaMU.

Ecnmu mpeHeOpedb TpeHHWEM, TO TIOJHYIO MEXaHHYCCKYIO SHEPIHIO

CHUCTCMBI (E) B HpOI/IBBOJIBHBIﬁ MOMCHT BPpCMCHHU t MOXKHO 3amucaTh B BUJIE:
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I’
E:T+Mg(z—zo), (2.1)

Tac I - MoMmeHT HHCPpOHUN CHCTCMBI, COCTOSIH_ICI\/i n3 HJ'IaT(l)OpMBI u

YCTAHOBJICHHOI'O HAa HEC HCCIICAYCMOT'O TBCPOAOTO TCJIa, GJZd%t - yrioBasd

CKOPOCTh CHUCTEMBI TPHU TMOBOPOTE Ha yroi o; M - macca cuctembl (Iu00
HEHarpyXeHHo! miaaTdopmbl, OO0 TIATHOPMBI C TETIOM).

3mech TmepBOE ciaraeMoe - KHHETHYeCKas JHEpPrHs BpallaTeIbHOTro
JBW)KCHUSI CHCTEMBI, BTOPOE ClIaraeMoe — MOTEHITHAIbHAS SHEPTUSI CUCTEMBI B
OJTHOPOJTHOM TIOJI€ CHJIBI TSKECTH.

Koopamaatel TOWkM A; BEpXHEro JAHWCKa B CHCTEME KOOPJIMHAT,
yKa3aHHOW Ha PUCYHKE, paBHBL: X =1 ; y; = 0 ; z; = 0. KoopauHaThI ke TOUKH
A xperieHus: HWOKHEH 1m1aTgopMbl K HUTH TI0JIBECa B MOMEHT BpEMEHH, KOTaa
iatopma MOBEPHYIACh HAa MaJIBIH YTOMI O, pABHBI COOTBETCTBEHHO:

x=Rcos(a); y=Rsin(a); z=—z. (2.2)

PaccrosiHne mexay Toukamu A u A; paBHO JUTMHE HUTH ToaBeca (/), u

MOCKOJIBKY TP KOJIeOaHUSAX TUIaTHOpMBI JJIMHA HUTEH HE MEHSETCS, TO B

JIFOOOM MOMEHT BPEMCHH CITPABCAJIMBO COOTHOMICHHUC!

I=(x=x)+(=y) +(z—2) = A + AV +A27 . (2.3)

C yLICTOM YKa?)aHHBIX BBIIIC KOOpI[I/IHaT TOUCK A nu A] Ha OCHOBAHHUH

(2.3) MOXHO HamucaTh JiS TPOU3BOJBLHOIO 3HAYEHUS YIja O IMOBOPOTa
CICAYIOIICC BBIPAKCHUC!

I* = (Rcos(a) —r)* + R*sin’(ar) + z°. (2.4)

Ecau o =0, To

P=(R-r)+z. (2.5)
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3necb x =R ; y=0; z =7y - KOOpJIUHATHI TOYKU A HUKHEN MIATPOPMBI
B MOMEHT BpemeHH, korjga o=0. IlpupaBuuBas Bbipaxkenus (2.4) u (2.5) u

packpbIiBasi CKOOKH, TOJTy4aeM:
2 2
z° =zy; —2Rr[l —cos(a)]. (2.6)
Tak kak yroa o mMai, TO JJIS HETO MOXKHO HMCIIOJB30BaTh CJCAYIOIINC

COOTHOILICHUS
sin(a) ~ a @.7)
Nta =129 (2.8)
Ucnonwiys ux, u3 (2.6) niisg MaJIbIX YIJI0OB O TIOJIY4aeM:

2’ =z; = 2Rl —-/1=sin*(a)] = z; = 2R/l - 1-a’ | =z} — Rra’”. (2.9)

VYuuteiBas cooTHomeHue (2.8), moaydaem

2
z=./z; —Rra’ zZO_Rra (2.10)

2z,

nim

Zy—z= 2 (2.11)

[ToactaBuB B (2.1) HalieHHOE 3HAYCHUE (Z(-Z), UMEEM

E:ll(d—a]2+Mg(z—z ) (2.12)
2 dt ‘
NJIIn
2
E:ll(d—a] Mg R 2.13)
2 dt 2z,

Huddepenuupys Boipakenue (2.13) mo BpeMEHM W Y4YUTBIBas, 4TO

IMOJIHAs SHCPTUA CUCTCMBI E ¢ Teuenuem BpPEMCHH HC MCHSCTC:, I1OJTy4acM

G e g% . (2.14)

U3 IMOCJICAHCTO BBIPAKCHUSA CIICAYCT!
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§?+k@g%a:0 (2.15)
O003HauuB
w€=ﬂffr, (2.16)
MOJIYYHM
§?+wﬁa:0. (2.17)

910 nudpepeHIMaTBLHOE YpaBHEHNE TAPMOHMUYECKOT0 OCHMILIATOPA.

Pemenue ypaBaenus (2.17) MOKHO 3anucath B BUJIE:

a = a,cos(Wyt +¢,), (2.18)

rac dop — aMIUIMTyda KOJIC6aHI/I$I, Wo — HUKINYCCKasg 4aCToOTa KoeOaHuii.

[lepuon konebaHuii paBeH:

=2 _op | B0 (2.19)

Pemus MMOCJICAHCC YPABHCHHUC OTHOCHUTCIIBHO [, MMOJIy4YuM pacdCTHYIO

Gopmyy:

_ MgRrT?

I= (2.20)

2
4r°z,

Ha ocHoBanum (2.20) mo M3BECTHBIM MapaMeTpaM yCTaHOBKH (R, 7, z,
M) m u3MEpeHHOMY Ha OIBITE TEPUOAY KOJICOAHUN MOMKHO ONPEACIIUTH

MOMCHT MHCPIHUU CUCTCMBI.
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IHopsinok BbINOJIHEHHUS PA0OTHI

1. HN3mepuTh MOMEHT HHEPLUMH HEHATPYKEHHOU I1aTGOPMBI

C nomoIipo IHypa coo0nmTh Iuiargopme KojaebaHus C MaJloi
amruatyioit (5 - 10°). CekyHaoMepOM OMNpeNeTuTh MPOIOHKUTEILHOCTE 10
KPYTWIBHBIX KoJiebaHuil. OmnbIT MOBTOPUTh HE MeHee 3 pa3. Berumciuthb
CpellHee 3HaueHHe BpeMeHH U 1o ¢opmyne (2.20) MOMEHT HWHEPLHH
m1aTQopMbl I, OLEHUTHh MOTPEIIHOCTh M3MEPEeHHUs MOMEHTa uHepuuun Al

[TapameTpsl ycTaHnoBku (R, 7, zg, M) yxa3aHbl Ha paboyeM MecTe.

2.  OnpeaeauTh MOMEHT HHEPUMH TeJia (MHJIHHAPA, KOJIbIA)

[TomecTuTh Ha mIaTGopmy TeNO TaK, YTOOBI OChb €r0 CUMMETPUU COB-
najajga ¢ OCblO BpallleHus IuaTtgopmsbl. OnpenenuTs nepuo KouedaHus cuc-
TE€MbI CIOCOOOM, yKa3zaHHbIM B 1. 1. MoMeHT uHepuuu cucrembl () pac-
cuutatb 1o ¢opmyine (2.20), momeHT uHepuuu Ttena (Ir) — ucxoAs U3
aJIMTUBHOCTA MOMEHTA UHEPLHHU 110 hopmyJie

I=I-1I,.

[IpousBecTr aHATUTHYECKUN pacueT MOMEHTa MHEPLUHU Tela, U3MEPUB

€ro paaumyc (Macca Tena Ha HeM ykas3aHa). CpaBHUTH pe3ysIbTaThl pacdyera U

OTIbITA.
3. IIpoBeputhb aJIMTUBHOCTL MOMEHTA MHEPUNH
[ToctaBuTh Ha TIaTGOPMYy OJHOBPEMEHHO JiBa Teja (Ba OJMHAKOBBIX

HWIMHAPA WU KOJIblLIa) TaK, YTOOBl UX OCH COBMAJANIA C OChIO MIAT(HOPMBI.

ITo dbopmyne (2.20) onpeaenuTs CyMMapHbIi MOMEHT MHEPIIUU cucTembl. Ha
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OCHOBAHHUH OTHUX AJAaHHBIX W JAHHBIX IIII. ITu?2 Y6CI[I/ITBC$I B CIIPpaBCIAJIMBOCTHU

N

cootHomenus 1 = Zl k.
k=1

4. IIposepursb Teopemy llTeitnepa
[loctaBuTe Ha mnaTdopMy JBa OJUHAKOBBIX Tella CHUMMETPUYHO
OTHOCUTEJIBHO OCH BpallcHUs Ha HEKOTOPOM PAacCTOSHMM a OT HeEe.

OnpenenuTs MOMEHT HMHepUHUH cucteMbl o (opmyne (2.20). 3arem 1o

bopmye

2
OoNpCcACINT MOMCHT HHCPIHU TCJIA. I/ICHOHBSYH BBIPAKCHUC I = [O +ma-,

IMIPpOBCCTHU aHAJIUTUYCCKUI pacdceT MOMCHTA MHCPIHUH TCJIa OTHOCUTCIBHO TOH

xe ocu. CpaBHUTH Pe3yJIbTAThl pacueTa U OMbITA.

Ta6JII/II_Ia OKCIICPUMCHTAJIBHBIX JAHHBIX

R = ; AR=_ ;L= ;AL= = ;
Ar = ; My = ; Ay, = Mrena = _ 5 AMrena=
Ri=  ; ARi=_ ;Ry= ; ARy=
No /it Onpenenenue | Onpenenenue | [IpoBepka [IpoBepka
MOMEHTa MOMEHTa aJIUTUBHOCTA | TEOPEMBI
1503(570) 007107 WHEpILIMYU TeJa | MOMEHTa [reitnepa
1aTHOPMBI 1503(570) 007107
t, C At,c |t ¢ At,c |t ¢ At, ¢ t,C At, ¢
1
2
3
Cpennee
3HAa4YCHUC
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CDOpMy.]IBI IJIA BBIYUCJICHUA TTOTPCITHOCTH MOMCHTA MHCPIHUH

Al=oyten,  1upu  P=0.95,

2 2 2 2 2
rae te,—=1.95, o, =1 (&j +(ﬁj +(ﬂj +(ﬁj +2(ﬂ] _
m R r L t

HpI/I HU3MCPCHHUH BpPCMCHH HeO6XOI[I/IMO YUYUTBIBATH KakK

CUCTCMATUYCCKYIO, TaK H cnyqaﬁHon COCTAaB/IAAIOINIUEC ITOTPCIIHOCTH. HpI/I
9TOM CpCaHAAa KBaaApaTU4IHasA MOTPCIIHOCTD HN3MCPCHUA BpPCMCHHU

OIIPCACIIACTCA Kak:

_ 2 2 _ t
O =\ O cuem +O—c,rzyt¢ H O cuem = ﬁ ) (0} e =

rae ti — BpemMsi n KoJeOaHWil OTAeNbHOr0 M3MEpPEHUs; f— CpeHee Bpems n

koneOanuii, N — 4YHCJIO ONBITOB.

Bce octanbHbIC U3MCPCHUA  HMCIOT TOJIBKO CHUCTCMATHUYCCKYIO

COCTAaBIIAIOIIYO.
OKOHYaTEeNbHBIN OTBET 3aIIMCHIBAETCS B BUJE: I=1=%Al.
KonTposbHbie Bonmpockl
1. CdopmynupoBarthb MTOHATHS MOMEHTa WHEpLUU

MaTepUabHOW TOYKH U TBEPJIOIO TEA.

2. OOBbSICHUTH METOJA ONpENEJICHUS MOMEHTa HWHEPIHUH C
ITOMOIIIBIO TTOJBECA.

3. U3mepeHwe KakuxX BEJIMYMH BHOCUT HAMWOOJBLIYIO
MIOTPELIHOCTD B ONPEAEIEHNE MOMEHTA UHEPIUU Tena?

4.  BeiBecTu GOpMYJBI IS MOMEHTa MHEPLUUH OJHOPOJHOIO
CTEPKHS, WINHAPA, KOJIbLIA.

5.  CdopmynupoBath U qokazath Teopemy Lllteitnepa.
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2.2. JJaboparopnas pabota 1-5

HccnenoBanue npemecCcuu CBOOOIHOIO I'HPOCKOIIAa

Heanb pabdoTbl: u3yueHHE YCTPONCTBA M JABMKEHHS THPOCKOIA MO
JEHCTBUEM MOMEHTa BHEIIHUX CHUJI; ONpeieieHre YacTOTbl 000pPOTOB POTOpa
Y MOMEHTA CWJI TPEHUS B €ro MOAMIUITHUKAX.

IIpubopbl U NPUHAAIEKHOCTH: TUPOCKON B KapJaHOBOM IIOJIBECE,

HAa0Op CMEHHBIX I'PY30B, CEKYHIOMED.

Metoa 3KcnepuMeHTa

DKCIepUMEHTAIbHAS yCTaHOBKA (puc.2.2) COCTOMUT u3
BBICOKOOOOPOTHOTO 3JIEKTPOMOTOpa IM, MUTAIOMIETOCS TTOCTOSIHHBIM TOKOM.
Porop Mortopa, mpencraBisiomuii co00il MAcCCHUBHBIM CTAJIbHOW MMJIMHJID,
UrpaeT pojb rupockomna. M3obpaxkeHHbli Ha puc.2.2 peiuar C sBISETCS
NpoAoJDKeHUEM ocu poropa. [loasemnBasg Kk HEMY pa3iauyHble Tpy3sl P
MOJKHO M3MEHSATh MOMEHTHI BHEIIHHX CHJI F , JCHCTBYIOIIUX HA THPOCKOIL
Motop yKpemjeH B Koiblle A © MOXKET IIOBOPAYUBATHCS BOKPYT

ropu3oHTaibHOM ocu. Kombio A

a
— YKPEIUJIEHO Ha BEPTUKAJIbHOM
CTEPIKHE KOTOPBI MOXKET
A ﬁ M ’
—’—”TN II0BOPAYNUBATHCS BOKPYT
A
_V BEPTUKAIBHON OCH ad.
P 3 Paccrosnue £ ot Touku noaseca
4 2 70 TOPU3OHTAIBHOM OCH (0 LIEHTpa
— 2 1 Macc  THpPOCKOIIA)  YyKa3aHO  Ha
CTaHOBKE.
Puc.2.2 y

I[O CUX IIOp MBI IpcAaroarain
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MOJIBECKY TMPOCKOIA UeaNbHON U MpeHeOperaau cujlaMyu TPEHUS B €ro 0csX
(mogmmunaukax). Cuibl TpeHUs B TMPOCKONMMYECKUX MOJUIMITHUKAX BeChMa
Majibl, HO W OHHU MNPUBOAAT K YCIOXKHEHHIO IMpeuneccuu. Tak, CHIIbL,
BO3HUKAIOLIME TMpU BpamleHun Komblla A (cM. puc.2.2), NPUBOASAT K
MEJIJIEHHOMY OITYCKaHHUIO OCH POTOPa TMPOCKOIIA.

B nacrosimeit padore TpeOyeTrcs onpenenuTh 4acToTy 000poTOB poTopa
TUPOCKOMA IO €ro PETYISPHOM MPELECCUU U paCCUNTaTh MOMEHT CHJI TPEHUS

B €TI0 IIOAIIHUITHUKAX.

Panee Ob110 mosydeHo cootHouieHue (1.29) M :[ﬁ,i] , 13 KOTOPOTO

CICOyCT, 4YTO

Wy =—, 2.21)

rae M — MOMEHT BHEIIHMX CWJ (B JaHHOM CiIy4ae BEC I'py30B), 3a/laBacMblid
cMmeHHbiME Tpy3amu M = Pl=mgl; [) — MoMeHT uHepimu poropa; £ —
yIJ10Basi CKOPOCTb MPELECCUM.

IIpy 1DOCTOSIHHOM MOMEHTE BHEIIHUX cuil M yrioBas CKOpPOCTb
nperieccuu €2 OyneT NMOCTOSHHOM M €e MOKHO HalTH, W3MEpHUB BpeMs, 3a

KOTOpOE O0Ch poTopa coBepuiaet N 060pOTOB:

Q=— (2.22)

Yuciio 000poTOB poTOpa THPOCKOIA B CEKYHY, OUEBUIHO, OYIET

o, mglt

n,o= _ _ 2.23
° 2n 4n’I N (.23)

CHsB Irpys P , ABMCpPACM BpEMA C MOMCHTA BbIKJIIOUCHUA ITHTAHHWA

MOTOpa JI0 €ro MOJIHOM OCTaHOBKH, T.€. BpeMs BbiOera f, [lo mosydyeHHBIM
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HJaHHBIM Ha OCHOBAHHH BBIPAKCHUA (123) MO>KHO HAaWTH MOMEHT CHJI TPCHUA

B INOJUIMITHUKAX POTOpPA

mp :£:M- (2.24)
t, 2mNt,
Iopsiiok BbINOIHEHNs PabOThI
1.  O3zHakoMbTeCh C KOHCTpyKLMEHl Trupockoma: Haigure poTop
T'UpOCKOIIa, BHYTPEHHEE U HapY:KHOE KOJIbIa KapJaHOBa I10JIBECA.
2. VYcraHOoBUTE OChb THPOCKONIA B TOPU3OHTAILHOE IOJ0XKEHHUE,
OCTOPOKHO MOBOpauKBas ero 3a poryar C.
3.  BxirounTte nuTaHHe TUPOCKOIA U BBDKAUTE 3-5 MUHYT Ul TOTO,
4TOOBI BpallEHHE TUPOCKOIIA YCIIENO0 CTaOMIM3UPOBATHCS.
4. TlogsecbTe Kk phiyary C rpy3 P; mpu 3TOM HOJDKHA HAuaThCs

peryisipHas mpeueccusi rupockona. Ilo mpeneccun ompenenure, B KaKyro
CTOPOHY Bpalaercsi potop. TpeHue B OCU aa IpUBOJIUT K TOMY, 4TO pbryar C
HAaYMHAET MEIJIEHHO OIYCKaThCs.

5. Otknonure peuar C Ha 5-6° BBepX OT TOPU3OHTAIBHOMN
m1ockocTu. HaiiiuTe yrioByr CKOPOCTh PETYISIPHOM Mpeneccuu £2, n3MepuB
YKUCJIO 00OPOTOB pblyara BOKPYI BEPTUKAIBHOW OCH M BpeMs IPELIECCHH).
HaGmonenue npojoikaidTe 10 TeX MoOp, Moka peryar C He OMyCcTUTCS Ha 5-6°
HUKE TOPU30HTAIBHOM IUIOCKOCTH, CHEJaB LEJI0€ YHUCIO 000pPOTOB BOKPYT
BEPTUKaIbHON ocu. OmNbIT MOBTOPUTE HE MeHee Tpex pa3. Pesynbrarhbl
U3MepeHuil 3aHecuTe B Ta0auiy (yacts I).

6. Ilo dopmyne (2.23) paccumTaiiTe 4acTOTy BpalleHUsS POTOpa
rupockona. J[JimHa rieda ykazaHa Ha yCTaHOBKE.

7.  BbIKIIIOYMTE THUPOCKOI, BKJIIOYMB OJHOBPEMEHHO CEKYHAOMEp
IUIsL OTIpeNieJICHUs] BpEeMEHH BblOera f; potopa rupockorna. OnbIT HOBTOPUTE
enie aBa pasza. Pesynbrarsl uamepeHuid 3aHecure B Tabnuny (dacts II). Ilo
dbopmyne (2.24) paccuuTaiiTe MOMEHT CWJI TPEHHS B TOJUIUITHUKAX

TUPOCKOIIA.
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8.  OueHuTe NOrPENTHOCTH U3MEPEHUN Mg U Mup .

Ta6JII/II_Ia OKCIICPUMCHTAJIBHBIX JTAHHBIX

| II
Nom/m | m, kr | {,m | t,c | N |ngob/c|ts,c | M, H-m
1
2
3
cp
KonTposbHbIe Bonpockl
1. Uto Ha3bIBaeTcs TUPOCKONOM? KakoBbl €ro OCHOBHBIE CBOMCTBA?
2. Uto Ha3zbpiBaeTcsi MOMEHTOM uMIyibca? ChopMynupyiTe 3aKOH

COXpaHEHHs] MOMEHTA UMITYJIbCA.

3. Uro Ha3biBaeTcss MoMeHToM  cuibl?  Kak — ompenenutsb
HaIpaBJICHUE MOMEHTA CUJI?

4. BriBeaute Boipakenue (2.23).

5. [Touemy OBICTPO BpAILAIOIIMICS BOTYOK CTPEMHUTCS TPUHSATH
BEPTUKAIBHOE NOJIOKEHUE?

6. Urto HasbiBaeTcs mnpeneccuerd rupockona? Kak wu3meHuTcs
CKOPOCTb MPELECCUU C HU3MEHEHUEM YIJIOBOM CKOPOCTH; C H3MEHEHHEM
MOMEHTA CUJI BHEITHUX CUII?

7. Kakoe BnusiHME OKa3bIBAET TPEHUE HA MTOBEICHUE THPOCKOIA?

8. I'ne u s KakoW ey HaxoAsIT IPUMEHEHHE THPOCKOIIBI?
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2.3. JlabopartopHas pabota 1-6

N3ydyeHue BpamaTeJibHOI0 IBUKeHUA Ha nmpudope Od0epOeka

Leab paGoThl: TPOBEPUTH OCHOBHOM 3aKOH TMHAMUKH BPalaTeIbHOTO
IBW)KCHUS U OTIPEACITUTH MOMEHT MHEPIIUU JHHAMUYECKAM METOJIOM.
IIpudopsl u NPUHALJIEKHOCTH: MasTHUK Ob6epbOeka,

MUIIACCKYHAOMCD, KPOHIIUPKYJIb, U3MCPUTCIIbHAA JIMHEMKA.

Metoa 3KcnepuMeHTa

Jns  mpoBepku  r000T0  (PU3MYECKOr0  3aKOHA  HEOOXOIUMO
HE3aBUCUMBIM 00pa3oM M3MEPUTh BEIWYUHBI, BXOJSIIMNE B 3aKOH, W
yOeIUTHCS, YTO YpaBHCHHE, BBIPAKAOIICE 3aKOH, BBIMIOJHACTCS B IMpeieiax
TOYHOCTH U3MEPEHUH.

[IpoBepka ~ OCHOBHOIO  3aKOHA  BpallaTeIbHOTO  JIBMDKCHHS
ocymiecTBisieTcss Ha mpubope OOepOeka, cXxeMaTHYECKH ITOKAa3aHHOM Ha
puc.2.3. Ilpubop nmpeacrapisier co00l KpecTooOpa3HbIi MAaXOBUK, COCTOSIINN
U3 YETHIPEX CTEPXKHEH M JIBYX IIKHBOB JUaMETpaMu d| U da, YKPEIJICHHBIX Ha
OJTHOM TOPHW3OHTAIbHOW ocH. Ha crepkHSAX 3akperuistores 4 Tpysa
OJIMHAKOBOW Maccoil m. Ha o uH W3 MIKUBOB HAMATBHIBACTCS HUTh, K KOTOPOH

IIPUKPEIUIEH IPY3 MACCOH my.
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Puc.2.3

MaxoBHUK INpUBOAUTCA BO BpPAICHUC cujioi 1 HaTIKCHUS HHUTH,
KOTOpasd Cco34a€T MOMCHT OTHOCHTCIIbHO OCH BPAIICHUA

M= T% , (2.25)

r7ie d — COOTBETCTBYIOIIUM TUaMeTp MIKuBa (d; Win d>).

B cootBeTcTBUM ¢ TpeTbUM 3aKOHOM HbIOTOHA paBHAs MO BEJTUYUHE
cuja HaTsSOKEHUs HUTHU OyAeT JeMCTBOBAaTh M Ha TIpy3 mo. JBUKeHUE rpysa
OyaeT onmpeaessIThCsl PE3YAbTUPYIONMIESH CHIT TSUKECTH M HATSKEHUS HUTH.

Ha ocnHoBe BTOporo 3akona HproToHa MOXKeM 3amucaTh (B IPOCSKIIMH Ha
HaIpaBJICHUE IBUKCHUSA ):

moa=mog—T . (2.26)

BrIpazum oTcrofia cuily HaTsSKEHUS HUTH:

T=mo(g—a) . (2.27)
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B pesynbrare mnoacraHoBku (2.27) B (2.25) nomywaem, 4TO IS
OTIpeJICICHUs] MOMEHTA CUJIbI HATSDKCHUSI HUTH
d
M=moa (£ -1) = (2.28)

a 2

HEO0OXO0MMO 3HATh YCKOPEHUE MOCTYNATEIbHOTO JIBIXKCHUS Ipy3a My,
VYckopeHre @ MOKHO ONpEeNeNuTh MO 3aJaHHOM BBICOTE MaJCHUS /i

rpy3a mo 1 BpEMCHU IMAJICHUA t.

a=—. (2.29)
t
DTO MO3BOJISAET 3aMKcaTh BeIpaxkeHue (2.28) B Bue:

2h gt’ . d
M=mo 2% (&L _n L. 2.30
o = (2h ) P (2.30)

VYrioBoe yCKOpEeHHME MaxOBHKa M JIMHEHHOE YCKOPEHHUE CBSI3aHBI

COOTHOIIICHHEM
d
a=¢e—. 2.31
> (2.31)
Ortcrona ¢ yuetom (2.29) nomydum:
e=2h 2 (2.32)
t* d

Taxkum oOpaszom, ompenesnss KCIEPUMEHTAILHO BpeMsl IBMIKCHHS f,
BBICOTY MaJeHUs /1, a TaKXKe 3Hasl TUaMETp MIKUBa d U Maccy Tpy3a mgp, MOXKHO

HaMTH OTHOIIICHHE MOMEHTA CUJIbI HATSKCHUS HUTH K YIJI0OBOMY YCKOPCHUIO!

M 1 gt’
— = —mod* (=—-1). 2.33
e 4" (Zh ) 233)

MaxoBuk OO6epOeka MO3BOJSET, BO-MEPBBIX, YOETUTHCS, YTO IS
JAHHOTO  pacrpejielieHuss Macc (IMOCTOSHHOTO MOMEHTa HWHEPIUU) C
M3MEHEHNEM MOMEHTA CUJIbl HATSKEHUSI MEHSETCSl YIII0BOE YCKOPEHUE, HO UX

OTHOIMICHHUC OCTACTCA ITOCTOSHHBIM:

% =% =const R (234)

€ €
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", BO-BTOPLIX, UCIIOJIB3Yd TCOPCMY H_[TeﬁHepa IJIA MaxOBUKa € I'py3aMu

=1+ 4mR?, (2.35)

IO HM3BCCTHBIM 3HAYUYCHUAM MACChlI JOIIOJHUTCIBHBIX TITPY30B m W HX
paCCTOHHI/Iﬁ OT OCH BpallICHH:A IMPOBCPUTH CIIPABCIAJIMBOCTE OCHOBHOI'O 3aKOHA

AWUHAMHUKHU BpalaTCIbHOT'O IBHIKCHHA
== (2.36)

JJIA Pas3JIMIHOTO PaCIIOJIOKCHUA JOIMIOJIHUTCIBbHBIX I'py30B, T.C.
OKCIICPUMCHTAJIbBHO YCTAHOBUTD JIPIHCﬁHYIO 3daBUCHUMOCTDb MCIKAY HC3aBHUCUMO

onpecaciIsieMbIM MOMCHTOM MHCPIUU CUCTCMBbI I v otHOIIEHUEM M/€.

IHopsinok BbINOJIHEHHUS PA0OTHI

1. Ilepen BkitoueHHEM MpubOpa B CETh YOEAUTHCS, UYTO TPY3bI
[IEPEMEIIAIOTCA  IapajuIeIbHO MWUIMMETPOBOM JIMHEWKE, OIyCKasCh B
cepequHy pabouero okHa (¢oromaruyuka (B ciaydae HEOOXOIMMOCTH
IPOM3BECTH  PETYJUPOBKY  IIOJIOKEHHUS  OCHOBaHUA C  IIOMOIIBIO
PETYIUPOBOYHBIX OIOpP, MCHOJB3Ysl B KAaYECTBE OTBECA HUTh C OCHOBHBIMU
rpy3amu).

2. BKJIFOYUTBH B CETh LIHYP NUTAHUSI MUJUIMCEKYHAOMEDA.

3. Haxars Ha kHonky CETD (mpu 3TOM AOJIKHBI 3aropeTbest JaMIouka
dboTomaTurika U UUPPOBBIE  WMHAUKATOPHl  MWJUJIMCEKYHAOMEpa) U
3a(UKCUPOBATh KPECTOBUHY B 33JJaHHOM IOJ0KEHUU.

4. YCTaHOBUTH OMOIHUTEIBHBIE IPY3bl HA CIHIAX HA PACCTOSHUU R OT
ocu BpamieHus. HaMorarb HHTH C Tpy30M Ha Malblid IIKHUB, Bpallas
KPECTOBHUHY IPOTUB YACOBOW CTPEJIKU, IIEPEBECTU OCHOBHOU I'Py3 B BEpXHEE
noJiokeHue (B JajbHEHIIeM HayalbHYIO BBICOTY Ipy3a OpaTh MOCTOSIHHOW U

IMPOBECTHU N3MCPCHUC BPCMCHU IBUXCHUA I'Py3a HCCKOJIBKO pa3).
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5. Ilo mkane ompeaenuTb XOJ OCHOBHOIO Tpy3a /i Kak pa3HUIYy €ro
BEPXHETO U HW>KHETO IOJIOKEHHI.

6. Haxats Ha kHOoniky CBPOC.

7. Haxxats Ha kHonKy IIYCK. HauneTcs oTcueTr BpeMeHM A0 MOMEHTA
nepeceveHus MaialiuM rpy30M ONTHYECKOH ocH (poTomaTyuka.

8. IlpomsBecTn OTCYET BpPEMEHM XOJa MasTHUKA [ TIO
MUJUTHCEKYHIOMepY. [laHHbIe 3aHecTu B Tabnuiy 1.

9. IloBTOpPUTH W3MEpPEHUS MO TII. 3-8 TPU pa3a U ONPEIECIUTh CPEIHEE
3HAYEHUE BPEMEHH.

10. He wu3MeHss NOJOKEHUs TPy30B Ha CHMIAX, HAMOTaTh HUTh Ha
OOJBIION IIKUB JAUAMETPOM d> W MPOBECTH M3MEPEHUE BPEMEHU JBUKEHUS
aHaJoruyHo nim. 4-8.

11. IIpousBectn usMmepeHus, ykazanHble B nm. 4-10, eme mmsa 2-3
3aIaHHBIX TPENOAABATEIEM PACCTOSHUN R, U R3 TONMOJIHUTENBHBIX IPY30B OT
OCH BpalleHUS.

12. Tlo cpegHuM 3HaYECHHSIM BpEeMEHH, UCTONB3ys dopmyny (2.33),
BBIUUCIUTD OTHOWIEeHUs Mi/e; u M>/e; nast Manoro v OOJBIIOTO MIKMBOB U
yOeauThCs B BBIMOIHEHUU cooTHOIIeHUs (2.34). JlaHHbIe O BEeIMYMHAX Mo, M,
d\, d, mpuBeIeHbl Ha yCTaHOBKE. Pe3ybTaThl 3aHECTH B TabIuUILy 2.

13. OnpenenuTh MOMEHT UHEPIUU MaxoBHKa 0e3 rpy30B /. g aToro
HOCTPOUTH rpad)uK 3aBUCUMOCTU [=M/g 0T R’, OTMETHB Ha HEM 3Ha4YeHUs M/
IUISL KaXJOro M3 TPEX COOTBETCTBYIOIIMX R. B mpenenax morpemHocTd OHU
COOTBETCTBYIOT JIMHEWHOW 3aBucumoctu [(R). IlpognuB nuHHMIO [0
MIEPECEUEHHUS C OChIO /, OTIPENIENUTh 3HAaUeHUE /o,

14. OnpenenuTs BEIMUYMHY MOMEHTa MHepLHH MaxoBuka OOepOeka 1o
dbopmyne (2.35) ans ucnonab30BaHHBIX 3HaueHW R. CpaBHUTH pe3yJbTatr ¢

MoJTy4yeHHbIM 110 hopmyiie (2.33).
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15. BoImosHuTH OOCHKY TMOIpCIIHOCTH KOCBCHHOTO H3MCPCHHA

MOMEHTA UHEPIIMH TI0 YIPOIIEHHOH dhopmyie

2 2 2
[T
1 t d h

Y6enutbes, uTro cooTHomieHue (2.36) BBIMOJHSIETCS B TIpeaesiax

MMOTPCIIHOCTH H3MepeHHI>i.

Ta6JII/II_Ia OKCIICPUMCHTAJIBHBIX JAHHBIX

h=....M;my=....K,m= ...k, di=....M;dr=..... M.

Tabmuma 1°

R, m d, m t,C tepeo, ©

k
(3amoHsAeTCs I KaXI0To U3 Tpex R)
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Tabmuma 2°

. 2
d, m (M/€)oken, KT M? I gy KT'M

*
(3amoyiHAETCS ISl KaK0r0 U3 Tpex R)

KonTposbHbIe Bonmpockl

1. CdopmynupoBaTb U BBIBECTH OCHOBHOW 3aKOH JUHAMUKH
BpaLIaTEIbHOIO IBHXKCHUSI.

2. MensieTcs 1 HaTsSHKEHUE JBUKYLIEHCS HUTH B 3aBUCUMOCTH OT R?

3. Uro Takoe MOMEHT MHEpIUU? MOMEHT cuibl? YTI0BO€ yCKOpeHue?
B kakux enMHMIIAX OHU U3MEPSIOTCS ?

4. B ueM 3aKJIIO4acTCs IMPOBEPKA OCHOBHOIO 3aKOHA JWHAMHUKHU
BpaLaTEIbHOIO IBUKEHUSA?

5. TloueMy Henb3sl JONYCKaTh pacKayMBaHUS Ipy3a, MOABEHIEHHOIO Ha
HUTH, TIpU €ro JBWKeHuu BHU3? Ha 4To u kak 310 OyaeT BAUAThH?

6. Kakue cunpl AEHCTBYIOT Ha TMOABWKHBIE TEla B YCTAaHOBKE
O6epbeka?

7. Kak u3meHsieTcs cuila HaTs>KEHUs. HUTH TIPU TIEpexo/ie OT U3MEPEeHUN
C MaJIbIM HIKKBOM K U3MEPEHUSM C OOJIBIINM IIKUBOM?

8. Uepe3 Onok Maccoii m NEepeKMHyTa HUTh, K KOHIIAM KOTOPOH
MPUBSI3aHbI TPY3bI, Macca KOTOPBIX M U My. C KaKUM yCKOPEHUEM JBHXKYTCS

rpy3bl? BJIOK cuMTalTEe CIJIOMIHBIM TUCKOM.
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2.4. Jlaboparopnas pabota 1-20

Onpe)le.ﬂem/le MOMEHTOB HHEPIHMH TECJI METOJA0OM KPYTHJ/IBHBIX

KoJICOaHU

He.]'lb paﬁoTbI: HU3YUCHUC JUHAMHUKU BpallaTCIbHOI'O IBUIKCHHUA
TBCPABIX TCJI, 3HAKOMCTBO C OJHHUM H3 MCTOAOB OIPCACIICHUA MOMCHTOB

HHCPHHUU TCII — MCTOAOM KPYTHUIIbHBIX KosicOaHM.

Ipubopsl W npuHamIexKHOCcTH: YHUPWIpHBIA noaBec DOIIMOS,
CHaOXXeHHbIH HA0OpPOM TBepABIX Ten (IPy30B) pa3nUuHONM (QOpPMBI U

SJICKTPOHHBIM MUJIJIIMCCKYHAOMCPOM.

Metoa 3KcnepuMeHTa

CYH_ICCTBYIOT Pa3JINIHbIC CIIOCOOBI SKCIICPUMCHTAJIBHOI'O OIMPCACIICHUA
MOMCHTOB HHCPHOHUH TBCPABIX TCII. B nannon pa60Te HCIIOJIB3YCTCA MCTO

BpalaTeIbHbIX (KPYTHIBHBIX) KOJICOAHUH.

Hccnenyemasi cucteMa MpecTaBiIsieT coOoi
TBEpJl0€ TeJIo (Hampumep, Opycok), MOABEIICHHOE

Ha CTpYHE, KOHIbI KOTOPOM 3aKkperuieHsbl (puc. 2.4).

[Tocne oTknoHEHMsI OpycKa Ha HEKOTOPBIM yroma ¢
OT TIOJOKEHUS PAaBHOBECHS CHUCTEMa HayHET

COBCpIIATh KPYTUIIBHBIC KoJIcOaHusl.

Ha OCHOBaHUU dhopmyIbl le=M Puc. 2.4
ypaBHEHHUE JBIXKCHUS Opycka IpH MajbIX yriax

OTKJIOHCHUA (O IIPUMCT BHUI:
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2
;.40 do . do

) (2.37)

dt’ e di
rie / — MOMEHT HHepuuH OpycKa OTHOCHUTENIBHO OCH BpalleHus; r —
Ko PUIEeHT MOMeHTa CHUJ  CONpOTUBIEHUs; k — KodhUIMEHT

BO3BpalIarouero (ynpyroro) MOMEHTa.

KOC—)(I)(i)I/IHI/ICHT ry YUCJICHHO paBCH MOMCHTY CHJI COIIPOTHUBIICHUA IIPpHU

yriosoii ckopoctu P, pasmoit 1 pan/c. A kod(pPHUIUEHT k YUCIECHHO PaBEH
MOMEHTY YIPYTUX CHJI, BOBHUKAIOUIUX MPU 3aKPYYUBAHUHM HUTH (CTPYHBI) HA

yroJj, paBHbIi 1 pan.

Ecmu COIMPOTHUBJICHUC CPCAbl HCBCJIHNKO, TO IICPBLIM YJICHOM HpaBOﬁ

YacTH B ypaBHEHHUH (2.37) MOKHO npeHedpeyb U 3anucaTh ero B BUJE:

2 2
]-d ;P:—k@ I/IJII/I['d §P+k@:0.
dt dt dt dt
k=o'
O603HauMB , OKOHYAaTeJIbHO MOJYy4YuM AuddepeHnaIbHoe

ypaBHEHHE TapMOHHYECKUX KOJICOaHUM:

2

¢ 2
+0°0=0. 2.38
E ¢ (2.38)

Pemenue sToro YPaBHCHUA UMCCT BU/:

(p(t) =, sin((ot+oc) (2.39)

b

I7ie (o — YIIIoBasi aMIUIUTY/a KoieOaHu;
® — UAKJINYECKAs 4acTOTa;

o, — HavyaybHas (asa.
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Kak cnenyer u3 nmpuBenentoro pemienus (2.39), teno OyaeT coBepiiath

rapMOHMYECKHUE KOJIeOaHUs OKOJIO TMOJOXKEHUs paBHOBecus. lluxmmueckas
4acToTa ® W Tepuoj Kojebanuit 1 ompenensrorcs BenudyuHamu [ u k 1o

dbopmynam:

o= E; T:E:%c\/z. (2.40)
® k

PaGota BoInonHsieTCsl Ha ycTaHOBKE — yYHUHIsspHOM nogsece OIIMOS,

oO1IMiA BU KOTOPOTo U300pakeH Ha puc. 2.5.

Puc. 2.5
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[lonBec mpencrtaBisieT coOOil HACTONBHBIN MPUOOp, HAa BEPTUKAIBHOU
CTOMKE 1 KOTOpOro pazMelleHbl BEPXHUN M HUKHUN KPOHIITEMHBI 2. Mexay
KpOHIITEHHAaMM 2 Ha CTaJbHOM MNPOBOJIOKE 3 TMOJABEIIEHA pamka 4,
IpeAHa3HaueHHass Uil YCTAaHOBKM U 3aKpEIUIEHUs HCCIEIYEMBIX Tel 3,
UMEIOIIUX pa3nuuHbie ¢popMbl. B 1eHTpax rpaHeill rpy3oB, B cepeluHax UX
pebep 1 y BepILIMH UMEIOTCA YIIIYOJIeHUS JIJIsl 3aKPEIUICHUS B paMKe.

Ha kponmreiiHe 6 pa3MemnieHbl: IIKaida 7, MNpeIHa3HauYeHHas IS
ONpENENICHUs] HAYaJbHOTO YyIJIa MOBOPOTAa PaMKH, JJIEKTPOMArHuT 8 i
¢duKcalMy paMKH B 3a/IaHHOM TIOJIO)KEHHM M OJIOK MUTaHUS AJIEKTpOMarHuTa
12. DnexTpoMarHut GUKCUpyeETCcs B TPEOYEeMOM IMOJIOKEHUU BUHTOM 9.

Ha tom ke xponimrteiine 6 3akperieH (orosnekTpuyeckuit gatauk 10.
Ha  ocHoBanmum 13  pa3MemieH  MWUIMCEKyHAOMEp  (U3HYECKUUN
KOMOMHUPOBaHHBIN 11, caykauuil Ay oTcueTa BpEMEHHU U YKclia KoJeOaHmil.

B kayecTBe HCCIENyEMBIX TEJ HMCHOJB3YIOTCS METAUIMYECKUE TPY3BbI:
UWIMHAD, Mapajuienenumnen u kyo. Mccneayemsiid Tpy3 3aKpeIuisieTcs B paMKe,
HayaJIbHOE TIOJIOKEHHE KOTOpOoM (QukcupyeTcss saekrpomarHutroMm. llocie
OTKJIFOUEHHMSI AJIEKTpOMAarHuTa (TymMOsiep Ha OJIOKe MUTaHUs) paMKa C TPy30M
HAaYMHAET COBEpIIaTh KPYyTUIIbHbBIE KOJIeOaHMUs.

Bo Bpems konebGanuii ¢iakok, YCTAaHOBJICHHBIM Ha paMKe, MepeceKaet
CBETOBO MOTOK B 11U (OTOIIEKTPUUECKOTO TaTYUKA U CUTHAJ, CHUMAaeMbIH

C (1)OTOJII/IOIIa, MOCTYNNAaCT Ha MUJUIMCCKYHIOMCED.

Meton KpyTUJIBHBIX KOJICOAHHMI 3aKiro4aeTcs B cieayromieMm. Temo ¢
HEU3BECTHHIM MOMEHTOM MHEPIMH [ 3aKpervissioT B paMmke mojaBeca. [lepuon

KOJIeOaHMsI TAKOM cHUCTEMBbI OyJIeT paBeH

(2.41)

rane lp — MOMEHT HWHEpIUU HEHArpyXeHHOW paMku, k£ — KodduuueHt

YIPYTrOCTH IPOBOJIOKH MOJIBECA.
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Cornacao ¢opmyne (2.41) momeHT uHepuuu [ HUCCIEAYEeMOro Tena
MOXHO BBIYUCIIUTH, 3Hasi BesimuuHbl T, Iy u k. [lepuon T konebaHu HECIOKHO
ONpeAeInuTh, H3MEPUB BpeMs [, 3a KOTOpo€ coBepuiaeTcss N TOJHBIX
KoJIeOaHUIA:

{=NT =27N 101:[. (2.42)

I[JISI TOTrO 4YTOOBI MCKIIIOYHTH HEHU3BECTHBIC BEITUYHMHBI [() u k, HYKHO
HU3MCPUTDb BpPCMA to KoaeOaHuit HCH&FpY)KCHHOﬁ PaMKH, a TaKKC BpPCM:A s
KoneOanuii PaMKH, HarpymeHHoﬁ IMAlOHHbIM meaom — TCJIOM C U3BCCTHBIM

MOMCHTOM HHCPLHUHU ]3.

Takum oOpa3zom, MoaydyaemM CUCTEMY YpaBHEHUIM:
t?=4n’N*(I,+ 1)/ k,

t; =4n’N’I, |k,

2 4 272
2 =4m*N>(I, + 1)/ k. (2.43)

Pemrast naHHyt0 cuctemMy ypaBHEHHH, mojaydaemM GopMysy JIJIi MOMEHTa

MHEPIMHU BBIOPAaHHOTO HAMU Telia:
—2L. (2.44)

N3  Beipaxenus (2.44) cuenyor QopMynsl s [peAesbHON

OTHOCHUTEIBHOM MMOTPCIIHOCTHU OIIPCACIIICMOI'0O MOMCHTA HHCPLINHN

2A
5, =9, +(t ;gt(:tai )’ nput >t ;
2 + ) —_
00 (2.45)
2At(t+1))
d,=0, + , Ipu t, >t,
' (ta +to)(t _to)
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rne O, =Al /I, — oOTHOCHTENbHAas WOTrPEIIHOCTh MOMEHTa WHEPIHU

ATAJOHHOrO Tena; Af — MOTrPEelIHOCTh MU3MEPEHUSI MPOMEKYTKA BpeMEHU N
MOJIHBIX KosieOaHuii paMku (TpeAanojaraercs, 4Yro dTa MOrPEUIHOCTb

OJIMHAKOBA JIJIsl BCEX TPEX CIIy4aeB U3MEPEHUSL: fo, [ U 1,).

@opmyinbl (2.44) u (2.45) sBASAIOTCA OCHOBHBIMU (OpMynamMul st
00paOOTKM  pe3ylbTaTOB M3MEPEHMH, OJHAKO pacyeT CYIIECTBEHHO
yrnpoiaercs, eciu popmyny (2.44) nepenucatb B BUJIE:

t—t, |,

t—t,
, +
t,—t,| t, +t,

I=1

(2.46)

Ecnu, kpome TOro, usMmepseMble MNPOMEXYTKA BpEeMEHU ¢ U 1,
pa3IUYaOTCs HE3HAUUTEIBHO, TO MaJIbIM [0 CPABHEHUIO C €IUHUIEH YJIEHOM
t—t,
t,+1, .
MO>KHO ITpeHeOpeyb U NpeacTaBuTh (2.46) B BUjE:

(2.47)

CnpapemymuBocTh Gopmynbl (2.47) mpoBepsieTcss IMyTeM CpaBHEHUS

(1=1,)/(z,+1,) y E
BCIIMYNHBI ° ° C OTHOCHUTCIIbHOU ITOT'PCIIHOCTBIO PE3yJIbTaTa I
ornpeaensieMoit ypaBuenueM (2.45). OHa crpaBe/jInBa, eCiu
Al _|t—t.
E, N A (2.48)
It +t,

N3 ypaBHenus (2.45) Takxke cieAyeT, YTO 4yeM OOJIbllle MOJIHOE BpeMs
KoJeOaHWi paMKH, TEM TOYHEE Mojydaercs pe3yibraT. [loaTromy B mporiecce
MPSAMBIX U3MEPEHUN PEKOMEHIYETCS U3MEPATh BpEMEHA fo, U f, I N =350

KOJIeOaHUI paMKH.
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B X04e pa6OTBI HCO6XOI[I/IMO OoNpCACINTb MOMCHTBI MHCPIUU IBYX TCII
pa3J11/1qH0ﬁ (I)OpMBI OTHOCHUTCJIBHO HX HTCHTpa MACC TCOPCTUYCCKU U
OKCIICPUMCHTAJIBHO.

I[JISI TCOPCTUICCKOTO pacqéTa MOMCHTOB HWHCPHOUHU II0 H3BCCTHBIM

MacCaM M pasMcpaM TCJI UCIIOJB3YIOTCA CICAYIOIIUC BbIPAKCHUA .

1 1

I ==mR*: [ =—m (a*+b*), 2.49

y 2 y n 12 ”( ) ( )

rac [14 u [n — MOMCHTbBI I/IHepI_II/II/I I_II/IJII/IHIIpa u napannenem/mez[a

COOTBETCTBEHHO;
m, W m, —MacChl Tel;
R — pamuyc nununppa;
a, b — pazMepsbl napajuienenurena.

Pacuér MOMEHTOB WHEPIIMU JAaHHBIX TEJI IO HSKCIEPUMEHTAIBHO
MOJIyYEHHBIM JIaHHBIM TpPOU3BOAUTCS 10 dopmynam (2.46) unu (2.47).

HeO6XOIII/IMO TaKXC€ OLCHHTDH a0COJIIOTHBIC M OTHOCHUTCIIBbHBIC MOTPCIIHOCTHU

pacCUUTAHHBIX MOMCHTOB MHCPIIUU UCCIICAYCMBIX I'PY30B.

IHopsinok BbINOJIHEHHUS PA0OTHI

l. BxarounTe B CeTh WIHYp NMUTaHUA MWUIMCEKyHaoMmepa. Haxmure
kHonKky «CETb» Ha nuneBoil mnaHeaw, NOpU 3TOM JOJDKHBI 3aropeTheCs

I_II/I(l)pOBBIC HNHAUKATOPHI.

2. Tlocne mporpeBa MuUIMCEKyHAOMEpa (1—2 MHUHYTHI) BKIIOUUTE

TymOJiep 0JI0Ka MUTAaHUS FIEKTPOMATHUTA.

3. OcnabuB CTOMOPHBIA BUHT 3JIEKTPOMArHUTa, YyCTAHOBUTE €TO HA YIoJ,
yKa3aHHBIA  mpenojaaBaTeneM, B npexaenax 60-100°.  3adukcupyiite

QJICKTPOMArHuT B 3TOM ITIOJIOKCHUU TCM KE CAMBbIM BUHTOM.
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4. TloBepHute pamMKy TakK, 4YTOObl METALIUYECKUH  (IIAKOK,
YCTAHOBJIEHHBI HAa paMKe, KOCHYJCSA SIKOps J3JiekTpomaruuta. llpm sTom

(braXoK NMPUTAHETCA K IKOPIO ¥ paMKa 3aiiMeT (PUKCUPOBAHHOE MOJIOXKEHUE.

5. C nomouipto kHOMok «CTOIl» u «CBPOCy» mumnucexkyHmomepa

OOHYJIUTE CYETYMKU Ynclia U BpeMeHH Kojebanuid. [Ipubop rotos k padore.

6. Boikmounte TymOnep 00Ka MUTAHMS SJIEKTPOMArHuTa, MpPU 3TOM
paMKa HauHET COBepIIaTh KOJeOaTeNbHOE JBUKEHUE U 3aIyCTATCS CUETUYMKH
Musuncekynaomepa. [locine N—1 noaHeix KoneOaHud paMKH HaXKMUTE KHOMKY
«CTOII» — orcueTHOE YCTpPOMCTBO, AopaboTaB 10 KoHIa 50-ro KojeOaHus,
OCTAaHOBUT CYETUMKHU. 3amuiuuTe Bpems fo — Bpems S50-Tu KoneOaHuit
HEHArpy)XeHHOW paMmku. UYHCIO MOJIHBIX KOJIEOAHUH pPaMKU MOXKET OBITh

3aJ1aHO TIPEIoiaBaTeNeM JOMOJHUTENRHO B ipeaenax 30-60.

OCTaHOBUB pyKOM KOJICONIIOIIYIOCS paMKy, IOBTOPUTE OIepalui,
onucaHHbIe B nI. 4, 5 u 6, emie 1Ba pas3a. Pe3ynbTaThl U3MEPEHUN 3aHECUTE B

3dpPaHCC IMOATOTOBJIICHHYIO Ta6J'II/ILIy.
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Ta6JII/II_Ia OKCIICPUMCHTAJIbHBIX JAHHBIX

N

OIIBITA 1 D) 3 ( zi> .

Bpewms, ¢

to

41

5}

)

7. Jlns 3aKpeIuieHHus UCCIIENyEMOro Tejla B paMKe OCTaHOBUTE PaMKy U

O0CBOOO/IMTE MOABUKHYIO TUIAHKY, OTBEPHYB T'aiiku OOKOBBIX IIaHT.

8. IlomHMMUTE MJIAHKY IO HAIMPABISIIOIINUM M, NPUIEPKUBAS €€ PYyKOH,
YCTaHOBUTE I'Py3 TaK, YTOOBI COOTBETCTBYIOLIEE YIIIyOJE€HUE B LIEHTPE OAHOM

n3 FpaHeﬁ BOIJIO B BBICTYII Ha HIDKHEH MNCPCKIIAANHE pPAMKHU.

9. OHYCTI/ITC MOABHKHYIO IUIAHKY IO HAIIPABJIAOININM, 3dTAHUTC ramku
OOKOBBIX HaHr' 1 IMMOAOKMUTC HUCCIICAYCMOC TCJIO BHHTOM, HAXOIAIIMMCA HaA

HOJABUKHOM IIaHKE.

10. BximrouuTte QJICKTPOMATHUT U MOBTOPHUTC OIICpPpAllUH, OIIMCAHHBLIC B

nm. 4, 5 u 6, Tpu paza, pe3yJbTaThl U3MEPEHUHN 3aHECUTE B TaOIHILY.

11. JIns 3aMeHbI Ipy3a OCTAaHOBUTE PAaMKY, OTITYCTUTE TraKu OOKOBBIX
L[AHT, MEPEMECTUTE MOJBUKHYIO ITUIAHKY BBEPX M 3aMEHMTE IEPBBIA I'Py3 Ha

BTOPO, 3aKpENUB €r0 B paMKe, KaK yKa3aHo B II. 9.

12. HsmepnpTe Bpems 50-TH TOJMHBIX KoJeOaHUM BTOPOTO Tpy3a U

9TAJIOHHOI'O TCjaa II0 MCTOAHMKC, OIMMCaHHOM BbIIEe. B KauecTBe ATaAJIOHHOTO
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TCJIa MOXHO HCIIOJB30BATbHb KY6 WM TWIMHAP 110 YKAa3aHUIO IPECIIOaaBaTCIIA.

Pe3ynbpTaThl H3MEpeHHil 3aHeCUTE B TaOJIHILY.

13. HM3meppTe  pa3Mmepbl  HCCIEAYEMBIX  T€I  MPOCTEUILINM
U3MEPUTETBHBIM MTPUOOPOM (ILITAHTSHIIUPKYJIEM) U 3alUIIUTE 3T 3HAYCHUS, a

TaKXKe Maccy Ipy30B B OTUET 0 JaOOpaTOpHOI padore.

14. Ilo Beipaxkenusm (2.49), omnpenensiomKM MOMEHTBl HWHEPIUU
JAHHBIX TEN 4Yepe3 Maccy M pa3Mepbl, pacCUUTAWTe MOMEHT HHEPLUHU
ATAJIOHHOTO Tena (UMJIMHApa WM Ky0a MO YyKa3aHUIO MpernojaBaTens).

Onenure abCOMIOTHYIO MOTPEMIHOCTD 10 GopMyJIam:

A, :2<J3u>%, (2.50)
AJ,, =2(J3K)%, (2.51)

rae R — pagnyc uunmunapa; 4 — cropona Ky0a;

J,, ® J, — MOMCHTBl HHEPLHMH LHIMHApA W Kyba, pacCYMTaHHBIC IO

BhIpakeHUsM (2.49);

AR u Aa — CUCTCMATHUYCCKAA IMOTPCHIHOCTD I/ISMepCHI/Iﬁ paanycCa NWinHIApa U

CTOPOHBI KY6a COOTBCTCTBCHHO.

15. PaccuurtailTe OTHOCHUTENIBHYIO IOTPEIIHOCTh MOMEHTa HWHEPLUHU

9TAJIOHHOTI'O TCJIA.

16. Wcnonw3ys pgaHHble TaOJWIBI, BBIYMCIUTE aOCONIOTHYIO U

OTHOCHUTCIIbHYIO ITOTPCITHOCTU U3MCPCHHBIX IIPOMCEIKYTKOB BPCMCHU to ) tl ) 12 .

17. To cpemHHM 3HAYCHHSM IPOMEKYTKOB BpeMeHH 1V  [ONHBIX
KoJIeOaHUN paMKH C HMCCIIENYEeMBIMU TeJaMU U O€3 OIEHHUTE OTHOCHUTEIIbHBIC

MOTPCIIHOCTU MOMCHTOB HMHCPIHUU HUCCICAYCMBIX TCJI IO BBIPAKCHHIO (246)
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-1,

CpaBHuUTE MOCIEAHUE C BEIUUYUHOMN / (te +t0). Ecnu nHepasenctBo (2.48)
BBITIOJTHSIETCS, TO PACYET MOMEHTOB HHEPIIUU HCCIIEAYEMbIX T'PYy30B MOXKHO
MIPOU3BOJIUTD, IPUMEHSS YNIPOIIEHHYIO hopmyiy (2.47). B npoTuBHOM citydae
HY)KHO HCIIOJIb30BaTh OoJjiee TouHOE BhIpakeHue (2.46). Paccuuraiite 10

COOTBCTCTBYIOIIIUM (I)OpMy.HaM MOMCHTBI HHCPIUU HUCCIICAYCMBIX TCJI, 4 TAKIKC

a0COJIIOTHBIE MMOTPCIIHOCTHU 3TUX MOMCHTOB MHCPIIHUU.

18. Ilo BblpaxkeHusiMm (2.49) BBIYUCIUTE TEOPETUYECKUE MOMEHTHI
MHEPLUU HUCCIENYEMBIX Tel 4Yepe3 mMaccy M pasmepbl. OueHuTe abCOIIOTHBIE
MOTPENIHOCTU TOJYYEHHbIX 3HAYEHUH MOMEHTOB MHEpPUUU MO (popMyram

(2.50) u (2.51), a Tak’Ke OTHOCUTEIbHBIE MTOTPEIITHOCTH.

19. CpaBHI/ITe OKCIICPUMCHTAJIbHO IIOJYYCHHBIC 3HAYCHUA MOMCHTOB
HHCPIHHUU HCCICAYCMbBIX TCJI C PC3YyJIbTaTaMHU paC‘IéTOB Mo TCOPCTUIYCCKUM

dbopmynam u cienaiTe COOTBETCTBYIOIINE BHIBOBI.
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KonTposbHbIe Bonpockl
1. CdopmynupyiiTe OCHOBHOM 3aKOH JMHAMHUKU BpaIATEIBHOTO

ABWIKCHUS TBCPIOTO TCJIA.

2. JlaﬁTe OInpeaAcICHUC MOMCHTAa HWHECPLHHH TBEPAOIO TCJIa. Kak ero

pacCUnuTaTh TeOpeTI/I‘{eCKI/I?

3. Ionyuure nuddepeHnranbHoe ypaBHEHUE KPYTUIIBHBIX KOJIEOAHUH,

IIPOKOMMEHTHUPYHUTE €TO0.

4. 3anumure YPAaBHCHHC K0J1€0aTeJILHOTO ABWIKCHUS KPYTUIBbHBIX

Konebanuii. Uem ompeaensieTcss ux nepuoa?

5. KakoBbl npsiMble U3MEpEeHUsI B JaHHOU pabote? B yem coctouT posb

9TaJIOHHOTO Tena?

6. BBIBeJII/ITC BBIPpAKCHHUC [JIX1 MOMCHTA HWHCPHOUU NTUIHHAPA H
MIpAMOYTOJIBHOT'O IIapaJuUICIICTIUIICAd OTHOCHUTCIBHO BCpTHKaHBHOﬁ OCH HX

CUMMCTpPHUH, HpOXOIISIH.ICfI qcpe3 ONCHTP UX MacCC.
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Ipuioxenue

MOMEHT MHEPIMH BEIMYMHA CKaJSIpHAS M JIIUTUBHAS. [loaTOMY monck
COOTHOIIICHUH JIJIT MOMEHTOB MHEPIIMHM PA3JIMYHBIX TEJI MOXKHO PEaM30BaTh
0 CIICAYIOIIEMY aITOPUTMY:

a) 00BEKT pa3dbuBaeTcs Ha dJIEeMEHTapHbIe 00J1acTH Maccor dm, MOMEHT
WHEPITMH KOTOPBIX ompeeisaeTcs GopMyIoi

dl =r*dm,
TJIC 7 — PACCTOSIHHE OT OCH BpAIICHUS 10 dJIeMeHTa dm;

0) B 3aBUCHMOCTH OT BBIOOpPa CHUCTEMBI KOOPJAMHAT M CTCIICHU
OJTHOPOJHOCTH O0BEKTA B CIydae HEOOXOAUMOCTH 3aITMCHIBAIOTCS BBIPAXKCHUS
JUTSI pACCTOSTHUS OT OCH BPAIICHHUS #* U DJICMEHTApHOUN MacChl dm;

B) C yU4€TOM JIMHCHHBIX pa3MepoB U (POPMBI paccMaTpUBaeMOro 00bEKTa
OTIPEICIISIFOTCS TIPEICIIbl HHTETPUPOBAHHS;

I) TyTEeM HHTCTPUPOBAHHUS PEATM3yeTCs TPOCTOE ajredpanveckoe
CYMMHPOBaHHE MOMEHTOB UHEPIIMH BCEX €T0 3JIEMEHTAPHBIX 00JIaCTCH.

PaccMoTpuM 3T0 1oIpoOHO HA TpUMEpPaX 3a/1a9 HaXOKIECHUS MOMEHTOB

HHCPIHU IIPOCTHIX TCII.

. MoMeHT wuHepuMHM OJHOPOJHOTO CTEpPKHSA OTHOCHTEIBHO OCH
BpamieHus OO’, mpoXoAsUIed NEPNEHANKYISIPHO CTEPKHIO YEpe3 €ro LUEHTP

Macc.
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Pa3zouBaem CTep>KEHb Ha
AJIeMEHTapHbIE y4aCTKHU
npoTsKEHHOCTRI0O  dx  (puc. I1.1) wu
Maccou

dm = tdx,
rie t=m/l — nuHEeWHas IUIOTHOCTh
CTep>KHS, m — Macca CTEepXKHs, [ — ero

JJIMHA.

Puc. I1.1 MoOMEHT uHEepIUU BBIACICHHOU

SIIEMEHTAPHOM 00J1aCTH OTHOCHTEIIHFHO OCH BpAIllEHUS paBEH
2
dl = x"dm
WK C YIETOM BBIpaKEHUS IS dm

dl = tx*dx.
3anuieM UHTerpai mo KoopAuHaTe x ot -//2 no +1/2

12
1= I ldx .

)

Breinocum IMOCTOSIHHYIO T 3d 3HAdK HMHTCTPHUPOBAHUA MW HAXOIUM

MHTErpaj OT CTENEHHON pyHKIUU

12 3 1/2 3

3 3
Izrszdxzrx— _* i — —i :i.
3 31\ 2 2 12

=1/2 -1/2
C yuétoM BBIpaKEeHHS I Macchl m = Tt/ moydaeMm Gopmysly MOMEHTa
WHEPIIMM OJHOPOJHOTO CTEP)KHSI OTHOCUTEIIBHO OCH BPAIICHUS, TTPOXOISIICH
MEPIICHIUKYIISPHO CTEPIKHIO Yepe3 ero MEeHTP Macc:

| R
, =—ml”.
cmeporchs 12
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2. MoOMEHT MHEPLUMU OJHOPOJHOTO CTEPKHS OTHOCHUTENBHO ocu OO’
MPOXOISIIEH NEPHEHAUKYJISPHO

CTCPIKHIO YCPC3 OAMH U3 €TI0 KOHIIOB.

Pa3zouBaem CTEpKEHb Ha
AJIeMEHTapHbIE YYaCTKU
npoTsbKEHHOCTRIO  dx  (puc. [1.2) wm
Maccou

dm = tdx,
rie t=m/l — nMHEHHas IUIOTHOCThH

CTep>KHS, m — Macca CTepXkHs, [ — ero

JJIMHA.

Puc. I1.2

MoOMEHT WHEpIUHU BBIICICHHOU
AJIEeMEHTapHOM 00J1aCTH OTHOCUTEIBHO OCH BpaIlleHUs paBEH
dl = x*dm
WJIU C Y4E€TOM BBIpaXEHUs s dm

dl = tx’dx.

3anuireM HHTErpa mo koopauHate x ot 0 110 /
[
2
I = er dx .
0
[TpoBO MM MHTETPHPOBAHNE CTEIIEHHON (yHKIINN

12 x31 Tis s\ Tl
I:r'([x dx:T?OZE(Z —0):?.

N ¢ yu€rom BeIpakeHHs ajig1 Macchl m =1t/ monydaeM (HOpMyITy MOMEHTa
MHEPIMU OJHOPOJHOTO CTEPKHSI OTHOCUTEIIBHO OCH BpAICHUS, TPOXOASIIEH

MEPIEHNKYJIIPHO CTEPHKHIO Ye€pe3 OJIUH U3 €r0 KOHIOB:

=lmlz.

CMEPIICHA 3
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3. MoMeHT WHEepHUH OJHOPOIHOTO NHUCKA (LMJIMHIPA) OTHOCUTEIHLHO

ocu BpaiieHuss OO’, cOBHNaJaI0NIEH C €ro 0ChbI0 CUMMETPHHU.

Pa3OuBaem JIUCK Ha

DJIEMEHTapHEIE obmactu
(puc. I1.3). B momsipHO# cucreme
KOOpJMHAT 00BEM TaKkomu
AJIEMEHTApHOI 00J1acTH paBeH

dV =hrdrdo,

a e€ macca

Puc. I1.3

dm=pdV ,
rae p= m/ V' — IUNIOTHOCTB TUCKa, m — Macca Aucka, V — ero oobeM.

MoMEHT UHepIIUN BBIICTICHHON 3JIEMEHTApHON 00J1aCTH OTHOCUTEIBHO
OCH BpallleHUs! PaBEeH
dl =r’dm
WIH C yY4ETOM BBIpaXeHHUsI IS dm
dl = pr’dV = phridrde.
3anuiemM IBOMHOW MHTETpall: OJUH IO yriy moBopota ¢ oT 0 10 27, BTOpOii

10 paMaJIbHOMY HampasyeHuto 7 ot 0 1o R.

21 R

I= ijhr3drd(p.
00

BriHocuM nocTosTHHBIE pu h 3a 3HaKu HHTCTPUPOBAHHNA

2nt| R

I:phj Ir3dr do.
0

0

Haxonum BHYTpEHHHI HHTETPAIl IO PAANYCY

]i,ﬁdr_r_ _R_4_g_lR4
! 4 4 4 4

[loncraBisgeM MOJNy4eHHBIH pe3yabTaT 0OpaTHO B (GOpMyJy MOMEHTa

HUHCPIHUHU, BBIHOCHUM ITOCTOAHHBIC 3a 3HAK MHTCTPAJId 110 YIIIY U UHTCTPUPYEM
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27 2n
1 1 1 1 1
[ =ph|—=R'do==—phR* | do==phR*-o| =—phR*(2n—0)=—pnR’h.
p£4 0=7P !cp4p 9, =P ( )2p

o 2
C yué€ToMm BbIpakeHMsI JUIsl Macchl nucka m=pV =p-nR°h noinydaem

dbopmysly MOMEHTAa MHEPIIUU OJHOPOIHOTO JAucKa (LMIMHApPA) OTHOCUTEILHO

OCH BpalllCHUA, COBHaI[aIOH_[eﬁ C €0 OChIO CUMMCTPHUHU

1

2
oucka — T yununopa EWIR :

4. MOMEHT WHEpPUUMU OJHOPOJHOTO KOJIbI[a OTHOCHUTEIBHO OCH

BpaieHuss OO’, COBNaJAIONIEH C €r0 OCbI0 CUMMETPHHU.

PazouBaem KOJbIIO Ha

AJIeMEHTapHble 00JacTh 00BEMOM
dV (puc. [1.4). B nonspHoii cucteme
KOOpJMHAT 00BEM TaKoMn

3JICMCHT&pHOI>i obiacTu PaBCH

dV =hrdrdo,

a e€ macca

Puc. 114

dm=pdV
rae p= m/ V' — IUNIOTHOCTB KOJIbIIA, 71 — Macca KOJIbIa, V' — ero 00BhEM.

MoOMEHT MHEpLHH BBIIEICHHON 3J€MEHTAapHOM 00J1aCTU OTHOCUTENIBHO
OCH BpalleHUs paBeH
dl =r*dm
WJIU C YU4ETOM BBIPAXEHUS JIJI1 MacChl dm
dl = pr’dV = phridrd.
3anuiineM JABOWHOW WMHTETpall: OAWH MO yriay noBoporta ¢ ot 0 mo 2w,

BTOPOH I10 paJHAIIBHOMY HAIIPABJIECHHUIO 7 OT R 10 R>.

21 Rz

I= j jphr3drd(p.

0 R

BeiHocuM MOCTOSTHHBIE pu h 3a 3HaKu HHTCTPUPOBAHHNA
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2n| Ry
I = phj {J‘ r%lr}d(p.
0| R

Haxonum BHYTpEHHHI HHTETPAIl IO PAUYCY

Ry 4|R

Jr3dr =%

R

R} R' 1
:TZ—lez(R;—Rf).

Rl
[loncraBisieM TONyYEHHBIM pe3ynbTaT oOOpaTHO B (QopMysldy MOMEHTa
WHEPLWH, BBIHOCUM IOCTOSIHHBIE 3a 3HAK MHTErpayia Mo yriy U BBIYUCISIEM

€ro

I 2n
I :phji(R; —Rf)d(pz%ph(R; —R;‘)jdcp=%ph(R§ ~R')-¢

0 0

:%ph(R; ~R')(2m-0) =%pn(R; — R )h.

2n
0 =

PaCKJIaI[BIBaeM PasHOCTb pPaInyCOB B 4-fi cTemeHH Ha IMPONU3BCACHUC C

MMOHWKEHUEM CTETIEHU
1
I= Epn(Rzz —RY)h(R; +RY).
C yuy€rtom BBIpaXEHUS I Macchl Koibla m=p) =p- TI:(R22 - R’ )h

Imojay4dacm (1)OpMy.Hy MOMCHTAa MHCPUOUU OAHOPOIAHOI'O KOJbId OTHOCHUTCIIBHO

OCH BpalICHUA, COBHaI[aIOHleﬁ C €0 OChIO CUMMCTpPHUHU

La = %m(Rf +R}).
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5. MoMeHT wuHepuMH OJHOPOJHOIO Mapajenenunena U KyoOa

oTHOcUTENbHO ocu OO’, IpoxXoAslIell uepe3 LeHTp Macc napajijiesibHO peopy.

PazouBaem MMapaJuICJICIIUIIC] Ha 0|

<>

aJieMeHTapHble 00y1acTu 00bEMOM dV
(puc. IL.5). B nexapToBoil cucreme
KOOPJMHAT 3JIEMEHTAPHBIN 00BEM

dV =dxdydz,

a €I'0 Macca

dm=pdV ,

rie p=m/V — IJIOTHOCTD

napajmjenenunena, m —  Macca Puc. IL5
napasuienenunena, V' — ero ooneM.

KBagpar paccrossHuss ot ocu BpameHuss OO’ 10 >SIEMEHTApHOU
o0jlacT, IEHTP Macc KOTOPOHW HMEET KOOpPAWHATHI (X,),z), MOXET OBITh
HaiijieH o teopeme [Mudaropa

PP=x 4+,
MoMEHT WHEepIUMU DJIEMEHTapHOM 00JIaCTM OTHOCUTEIBHO OCH

BpaIlleHUs] PaBEeH
dl =r’dm = (x2 + yz)dm
WIH C y4ETOM BBIPXESHHUS 111 MacChl dm
dl = p()c2 + yz)dV = p(x2 + yz)dxdydz.
3anuiieM TPOMHOW MHTErpall: OJMH MO HAMpPaBJIECHUIO OCU ox OT -a/2 a0 a/2,

BTOpOH 10 ocu 0y oT -b/2 1o b/2, Tpetnii mo ocu oz ot 0 110 c.

c b/z a/2

]:I J I p(x2+y2)dxdydz.

0 -b/2—a/2

Breinocum IOCTOAHHYIO P 3d 3HAKHW MHTCTPHUPOBAHUA
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[= p]{ bf { af (x*+ yz)dx}dy}dz

0 | -b/2| —a/2

1 HAaXOAUM BHYTpeHHI/Iﬁ HHTCI'pall 1o HepeMeHHOﬁ X, cuyuTas NCpECMCHHYIO ) B

At

(dbopmyIie MOCTOSSHHOM BEIMUYUHOM:

a2 3
J (x2 +y2)dx=(%+y2xj

-a/2

3 2
:a—+ay2=a(a—+y2j.

12 12

HOqueHHBIﬁ pe3yiibTaT MOACTABJIACM B HHTCIPAJI II0 HepeMeHHOﬁ y,

BBIHOCHM ITOCTOAHHYIO a 3a 3HAK MHTCI'pAJIa U OIIPCACIISICM €TI0 3HAYCHUC
b/2 2 b 3
a 2 a y
_b/2 12 12 3 —b/2
2 2 3 2 _ 2 3
12 2 3 12 2 3

2 3
=q a_b+b_ =Lab(a2+b2).
12 12 12

b/2

PCSYJIBTaT MMOACTABILICM B HMHTCTpPAT II0 HepeMeHHOﬁ Z, BBIHOCHUM

IOCTOSAHHBIC 3a 3HAK MHTCTPAJIda U HAXOAUM 3HAYCHNC MOMCHTA MHCPIIUH

1 pab(a2 +b2)(c—0):

" 12

I :épab(a2 +b2)IdZ =épab(a2 +b2).z
=épabc(a2 +b2) :

C yuéTtoM BBIpaXEHHUs M Macchl mapamienenunena m=pV =pabc

Imojay4dacm (I)OpMy.Hy MOMCHTa HHCPOHUHU OJHOPOIAHOTO IIapaJIJICIICIIUIICIA

OTHOCHUTEIBHO OCH, IPOXOSIIEH Yepe3 LIEHTP Macc MapaieabHo pedpy:

napanienenuneoa

=ém(a2 +b2).
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Jlns kyb6a a =b =c v Tor1a MOMEHT UHEPITUHU KyOa

_ 2
L= gma .

6. MowmeHt HHCPIHUU OAHOPOAHOI'O KOHYCAa OTHOCHUTCIBHO OCH

BpaieHus OO, cOBNaJamnien ¢ 0OCbI0 CUMMETPUH.

PazouBaem KOHYC Ha 10
aJIeMEHTapHble 00JacTH 00BEMOM iz
dV (puc. I1.6). B nunuagpuueckoii 4
CHUCTEME KOOpAMHAT 00BEM TaKou
r dr
AJIEMEHTApHOH 00J1aCTH paBEeH h S=—_
do d
Iz
dV =rdrdodz , R
/// \\\
. - ==
a e macca ~=3
Y
dm=pdV 1
0

riae p=m/V — IJIOTHOCTH KOHYCA,
m — Macca KoHyca, V' — ero o0beém. Puc. I1.6

MoOMEHT UHEpUUH »HIEMEHTApHOM 00JIaCTU OTHOCHUTENIBHO OCH
BpALlCHUSI PABEH

dl =r*dm
WM ¢ Y4ETOM BBIPAXKEHUS 1151 MAacChl dm
dl =pr’dV =pr’drdedz .
Pamnyc mnoOBEpXHOCTH KOHycCa 3aBUCUT OT KOOPJIHWHATBI Zz B

COOTBETCTBHHU € (PopMyIoi

3anumiem TpOﬁHOﬁ HUHTCTpAJI: OAUH IO paJvaJIbHOMY HAIIPABJICHUIO 7

ot 0 10 R(z), BTopoii o yriy ¢ ot 0 10 2x, Tpetuit o ocu z ot 0 10 4.



2n R
0

Breinocum IOCTOAHHYIO P 3a 3HAKHW MHTCTPHUPOBAHUSA

I=p j []{Rj 3dr]d(p]dz

Y HaxOJIMM BHYTPEHHUW MUHTETPaj IO NEPEMEHHOM 7

R(z) 1

:%(R“(z)—O“):ZR“(z).

I = p drdpdz .

ot—,w

R(z) 4
I Fdr = r
4

0

0
[lonmy4yeHHbIi pe3ynbTaT MOACTABISEM B HMHTErpayll Mo mnepeMeHHod ¢. C
y4€TOM TOro, 4YTO R(z) HE 3aBUCHUT OT ¢, (GYHKUHIO R(Z) BHIHOCUM 3a 3HaK

HCKOMOTI'O UHTCTpAJIa U OIIPCACIIACM €T0 3HAUCHUC

r 1 w1

TR [do=R'(2) o] :ZR4(2)(27I—0):%7£R4(2).

Pe3ynbTar ¢ yueToM BBIpaKEHUS R(z) = R(l —z/ h) MO/CTAaBJISIEM B MHTErpall

110 HCpCMCHHOﬁ Z, BBIHOCHUM ITOCTOAHHBIC 3a 3HAK MHTCI'pAJIa

I AT 1 f zY
1:—pnj R(l——j dz:—an“J(l——j dz .
20 h 2 0 h

Beeném  3amMeHy = mepeMeHHOMN x=1-z/h. [Mponuddepenumpyem
dx=-dz/h= dz=—-hdx. Onpememum mpeaensl HHTETPUPOBAHHSA IO X:
x,=1-0/h=1, x,=1-h/h=0.

Torna HCKOMOC 3HAYCHHUEC MOMCHTA HHCPLINH

1 ° 1 X
I= EPWR4(—h)!x4dx = Ean“(—h)-? =

10
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C y4€toM BBIpOKEHHMs IS Maccel Komyca m=pV, . =1/3pnR’h

nosydyaeM (GopMysly MOMEHT WHEPIMU OJTHOPOJHOTO KOHYCa OTHOCHUTEIHHO

OCH BpallICHUA, COBHa)Ia}OH_Ieﬁ C OChIO CUMMCTpPHUHU:
3
KoHyca = EmR °

7. MOMEHT MHEPIIMU OAHOPOJHON NMUpaMUlIbl OTHOCUTENBHO ocu OO0’,

MPOXOJAIIEH Yepe3 €€ LEHTP MACC U BEPIIUHY.

PazOuBaeM  mmpamuay — Ha
aJIeMEHTapHble 00yacTu 00BEMOM d
(puc. I1.7). B nekaproBoii cucreme
KOOpJIMHAT  AJIEMEHTApHBIH  00BEM

dV =dxdydz,

a ero macca dm=pdV ,

riae p=m/V — IIOTHOCTh MUPAMHUJIBI,

m — Macca nmupamubl, V — e€ o0BbeEM.

KBagpar  pacctossHus  OT  ocH

Puc. I1.7

BpamieHuss OO’ 10 >3JIEMEHTapHOU
o0jlacTu, IEHTP Macc KOTOPOHW HMMEET KOOpAWHATHI (X,),zZ), MOXET OBbITh

HaiijieH o teopeme [Mudaropa
rr=x’+y’.
MOMEHT UHEpUUH »HIEMEHTApHOM 00JIaCTU OTHOCHUTENIBHO OCH
BpAlLlCHUsI paBEH
dl =r’dm = (x2 + yz)dm
WM ¢ Y4ETOM BBIPAXKEHUS 111 MAacChl dm

dl = p()c2 +y2)dV = p(x2 +y2)dxdydz.
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PaccrosstHus ot ocu z J0 HaAKJIOHHBIX HOBCpXHOCTCﬁ MUpaMu bl 3aBUCAT OT

KOOPAHWHATHI Z B COOTBCTCTBUU C q)OpMy.HaMI/I

x(z)zi%(l—%), y(z)zi%(l—%).

N . 1 z
Jlyist ynporeHusl 3amuceii BBeaéM 0003HAUYCHHE A :E(I_Zj U TeperuIieM

MIPUBEJICHHBIC BBIIIE (POPMYIIBI B BUJIE
x(z) =tal, y(z) =thA.
[Tpousseném 3ameny nepemeHHo# z Ha A [lpoauddepeHmupyem BoipakeHUe

1 z
A= —(1 - Zj Y OTIIPEICIINM TIPEICIIbl U3MEHEHHUS A

2

d\= —Ldz =dz=-2hd\,
2h

z:Ojkzl(l—gj:l,
2 h) 2

z:h:k:l(l—ﬁjzo.
2 h

3anuiieM TPOWHOW MHTErpaj: OJUH IO HAMPABICHUIO OCH OX OT —ah
70 al\ , BTOpO# 1o ocu oy oT —bA 1o bA, Tpetnii mo A ot 0 g0 1/2, momeHsB
MECTaMH TIpeJeNbl HWHTETPUPOBAHUS C YYETOM 3HaKa «MHHYC» B

nuddepeniuane.

1/2 bh  ak

I = J J J 2ph(x2 +y2)dxdyd7u.

0 —bh —ak

BbIHOCHM MOCTOSTHHBIE 33 3HAKM HHTETPUPOBAHUS
12 oA [ ar
2 2
I:2phj .[ I (x +y )dx dy +dh
0 |- —ar
Y HaXOJHUM BHYTPEHHHH MHTETPal IO IEPEMEHHOM X, CUUTasl IIEPEMEHHYIO ) B

(dbopmyIie MOCTOSHHOM BEIMYUHOM:



T (x2 + yz)dx = (%3+y2x]
—dh —a

A 3 272
:2{%+y2ak}:2ak(a3k +y2].

HOqueHHBIﬁ pe3yjbTar MHOACTABKICM B HHTCIpPAT 110 HepeMeHHOﬁ v,

| :(@”2(“’”]‘((w+y2<—a>»>]:

BBIHOCUM IIOCTOSIHHBIE 2 ¥ A 3a 3HAK HHTCIrpajia U OIpcaciisieM €ro 3Ha4CHUC

2 7\‘b7\, a27\‘2 ) d 2 7\[ a27\/2 y3
a + =2a +
_{x 3 7)Y 3 773

br

-bL

_ 2ax[(“?2 (1) + GO} _[“?2 (4;7%@]] zgabk“(az +5).

3

PCBYJIBTaT MMOACTAaBJIXICM B HMHTCTPAJl II0 HepeMeHHOﬁ }\,, BBIHOCHUM

MIOCTOSIHHBIE 3a 3HAK WHTErpaja U OIpeac/isieM 3HaYeHHEe MOMEHTA HHEPIIUH
1/2

8 v 8 A3
I =—pabh(a® +b*) | Mdh=—pabh(a* +b*)-—
Spabh(a*+b%) | Spabh(a® +57)-=

0

0

> 5
zgpalbh(az2 +b2).[@—%J :ﬁpaxbh(dﬂ2 +b2).

C yduéToM BBIP@KEHHA I8 MacChl IHpamMuabl m=pV, .. =
=p-1/3S, h=1/3pabh momy4aem GopMyiy MOMEHTa HHEPLHH OIXHOPOIHON
NMPaMUIBI OTHOCUTENEHO OCH, IPOXOIAIIEH Yepes eé HEHTP MacC ¥ BEPIIMHY:

=Lm(az2 +b2).

nUpamuosl 2 O
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8. MoOMEHT uHepuuu OIJHOPOAHOTO Iapa OTHOocUTeNnbHO ocu 0O0’,
IPOXOSAIIEH Yepe3 ero LEHTP Macc.

Pa36uBaem map Ha

aJIeMeHTapHble o0siacTu  00BEMOM
dV. (puc. I1.8). B uununapuyeckoit
CHUCTEME KOOPJMHAT 3JIEMEHTAPHBINA
00BEM

dV =rdrdodz ,

a €I'o Macca

dm=pdV,

riae p=m/V — NIOTHOCTH mIapa, m —
Macca 1apa, V' — ero oobem.

MowmeHT HHCPIHNH BBIHCHCHHOﬁ C—)JICMCHT&pHOﬁ 00J1aCTH OTHOCHUTEIBHO

OCH BpallleHUs! PaBEeH
dl =r’dm
WIH C yY4ETOM BBIPXESHHUS 111 MacChl dm
dl =pr’dV =pridrdedz .
Pagmyc moBepXHOCTH Imapa 3aBUCUT OT KOOPAMHATHI z B COOTBETCTBUU C

dbopmynon

R(z)z (R2 —22).
3anuiineM TPOMHOW MHTErpasl: OAUH MO PaJUuaIbHOMY HaIpaBlieHUIo 7 OT 0 10

R(z), BTOopoi no yriy ¢ ot 0 10 27, TpeTuii mo ocu z ot -R 10 R.

R
g

Breinocum IOCTOAHHYIO P 3d 3HAKHW MHTCTPHUPOBAHUSA

21 R(z)

J J pridrdodz .
0

0

R | 2n R(Z)

I:pj I Ir3dr do |dz

-R| O 0
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Y HaxOJIMM BHYTPEHHUW MUHTETPaj IO NEPEMEHHOM 7

) 3 r ) 1/ 4 4 |
I rdr:T :Z(R (z)—O ):ZR (z)

0 0

[lony4yeHHbIi pe3ysnbTaT MOACTABISEM B HMHTErpayl Mo mnepeMeHHon ¢. C
y4€TOM TOro, 4to R(z) He 3aBUCHUT OT @, ApoOb U GyHKLUIO R(z) BEBIHOCUM 32
3HaK MCKOMOI'O HHTErpajia Kak IOCTOSHHbIE, HE 3aBUCSIIME OT YIJa, U

OIIpCaACIIsICM €TO 3HAYCHHC

1 . \F 1, w1
0

2 2
PCBYJIBTaT C YYCTOM BBIPAKCHUA R(Z) = (R —Zz ) MMOACTABIIAICM B HHTCI'PAJI

110 HCpCMCHHOﬁ Z, BBIHOCHUM ITIOCTOSAHHBIC 34 3HAK HMHTCTpPalla U OIIPCACIIICM

3HAYCHUC MOMCHTA MHCPIIUHU

R R R

=—pm R4sz—2R2Jzzdz+ J‘z“dz}:
-R -R -R

5 R

— 3R
:lpn R4.Z‘R _2R2.Z_ +Z_ =
R 3 5

2 “R “R

:lpn{R“ [R=-(-R)]-2R? | &~ (-R)'] Jrl[R5 —(—R)S}} -
2 3 5

:lpn(zRS —ﬂR5 +2R5j:i nR’.
2 37 s 3.5

C yu€roMm BbIpOKEHMA Ul MacChl Imapa m=pV, . =4/3pnR’

mojry4yacm (1)OpMy.Hy MOMCHTAa HMHCPIHUKU OJHOPOIHOTO IIdpad OTHOCHUTCIIBHO

OCH, HpOXOI[SII.HCﬁ qcpe3 €0 UCHTP MACC:
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AJ]bTepHaTI/IBHbIe CIOCO0bI OLCHKAX MOMECHTOB MHEPIIUH

9. MOMEHT MHEpLUHMH OJHOPOJHOrO CTEP’KHS OTHOCUTENBbHO ocu OO0’,

HpOXOIIHH_Ieﬁ NECPHNCHAUKYIIAPHO CTCPIKHIO YCPC3 OAWH U3 €TI0 KOHITOB.

Puc. I1.9

JlormycTuM HamM W3BECTEH MOMEHT
WHEPLUU OJHOPOJHOIO CTEpKHS
OTHOCUTEJIBHO ocy, MPOXOASAIIEH
MEPHEHIUKYJISIPHO CTEPIKHIO Yepe3 LIEHTP
Mmacc

1

_ 2
cmepaicHs, Y. M. Eml :

Torz[a MOMCHT HHCPIHUU
OTHOCUTCIIbBHO Kpasd MOKHO OIIPCACIUTD

Ha OCHOBe TeopeMmsl llITeitHepa, NpUHSB

pPacCTOAHUC OT OCHU BpalICHUSA OO0 OCH, HpOXOI[HHleI qcpe3 LCHTP Macc,

paBubIM /2 (puc. I1.9). To ectb

CMepoHcHs

1

=—ml’>+m 5 =—ml’>.

12
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10. MoMeHT HHEpLUHUH OJHOPOIHOTO JHCKa (LIMJIUHJPA) OTHOCUTEIHLHO

dr

Puc. I1.10

ocu BpaiieHuss OO’, cOBHNaJaINIEH ¢ €ro 0CbI0 CUMMETPHHU.

PazouBaem AUCK Ha 3JJICMCHTAPHBLIC o01acTu B BHUAC 3JICMCHTAPHBIX

KoJiel TouHo#M dr u BeicoTo 4 (puc. I1.10). O6bEM Takoro 371eMEHTapHOTO

KOJIbllda paBCH

dV =2nrhdr,

a €I'o Macca

dm=pdV,

rae p= m/ V' — IUNIOTHOCTB TUCKa, m — Macca Aucka, V — ero o0beM.

MomeHT HHCPIHUU  JJICMCHTAPHOI'0  KOJIbIla OTHOCHUTCIIBHO OCHU

BpalllCHUA PaBCH

dl =r*dm

WM C Y4ETOM BBIPXKEHUS 151 dm

dl = pr’dV =2nphridr .

3anuueM MHTErpal Mo paauaibHOMy HalpaBi€HUIO » B npeaenax ot 0

R
I = J2nphr3dr.
0

BriHocuM nocTOSTHHBIE 2TCph 3d 3HAK UHTCTPUPOBAHUA U UHTCTPUPYCM
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R R
]:2nphIr3dr:2nph-%r4 :%nph(R“—O“):%an“h.
0

0
o 2
C yuéToMm BbIpakeHMs JUIsl Macchl 1ucka m=pV =p-nR°h noinydaem
(bopMyily MOMEHTa UHEPIMU OJHOPOJHOTO AMCKA (LMJIMHIPA) OTHOCUTEIBHO

OCH BpallCHUA, COBHaI[aIOH_[eﬁ C €0 OChIO CUMMCTpPHUHU

1

_ _ 2
I oucka I yununopa o) mR”.

11. MomeHT wuHepuuMu OJHOPOAHOIO KOJbIA OTHOCHTEIBHO OCH

Puc. I1.11

BpaieHuss OO’, COBNaJaI0NIEH ¢ €ro OCbI0 CHMMETPHHU.

Pa3buBaem KoJIBIIO Ha JIEMEHTapHbIE 00JACTH B BUJE DJIEMEHTapHBIX
KoJiel TOIHOM dr u BeicoToM A (puc. I1.11). O6bEM Takoro 371eMEeHTapHOTO
KOJIbILIa paBeH

dV =2nrhdr,
a ero Macca
dm=pdV ,
rae p= m/ V' — IUNIOTHOCTB KOJIbIIa, 71 — Macca KOJIbla, V' — ero 00BhEM.

MowmeHT HHCPIHHUU  JJICMCHTAPHOI'0  KOJIbIla OTHOCHUTCIIBHO OCH

BpalllCHUA PaBCH

dl =r*dm
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WM C YYETOM BBIPOKCHHS IS dm
2
dl = pr’dV =2nphridr .
3anuireM MHTErpal Mo pagualbHOMY HAMPaBICHUIO # B TIpeeax oT R;
10 R
RZ
1= J‘anhiﬁdr.
Rl
BbiHOCMM TIOCTOSIHHBIE 27ph 3a 3HAK WHTETPUPOBAHUS W HAXOIUM

WHTEerpal

R, 1 R,
I = 2nphI rdr =2nph- Zr4

Ry

:%ﬁph(R; —Rf):%pﬂ(Rzz —R})h(R; +RY}).

R
C yuérom BbIpaXKEHHUs I Macchl Kojpla m=pl) = p-TC(R22 —Rlz)h

Imojay4dacm (I)OpMy.Hy MOMCHTAa MHCPUOUU OAHOPOIAHOI'O KOJbId OTHOCHUTCIIBHO

OCH BpaliCHM, COBHaJIaIOH_Ieﬁ C €TI0 OCbIO CUMMECTPHH
o= lp(riR
Konvya P m R2 1)

12. MoMmeHT WHEpIUU OJHOPOJHOIO TMapajuiesenunesa U Kyoba
OTHOCHTEIBHO ocH 00’,
MPOXOMSIIIE Yepe3 LEHTP Macc

napajujieibHO peopy.

PazouBaem MMapaJuICJICIINIIC A

Ha OJSJICMCHTAPHBIC BCPTUKAIIBHBIC

IUIACTUHKU 00BEMOM dv
(puc. I1.12)
dV = acdx
1 Maccou
dm=pdV
Puc. I1.12
e p=m/V  —  IUIOTHOCTH

mapaJuICJICumIicaa, m — Macca rapauiciiCruIicaa, V — ero o0bEM.
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MOMEHT MHEPILIUH BBIJICIICHHON TUIACTUHKUA OTHOCUTEIILHO BEPTUKAIBHOW OCH

BpaLEHUs, IPOXOASAIIEN Yepe3 €€ LEHTP MACC, MOKHO OINPEEIUTh HA OCHOBE

dbopMysIbl MOMEHTAa HHEPIHMH OJHOPOJHOTO CTEP>KHS OTHOCUTEIBHO OCH

BpaIlICHUs, MPOXOASAIIECH NEPIEHIUKYISIPHO CTEPKHIO YEPE3 €TI0 LIEHTP MaccC:
1

dl =—a’dm.
12

Torz{a MOMCHT HWHCPHHUH OTHOCHUTCIIBHO OCH BpPaAIICHUA 00 B

COOTBETCTBUM C Teopemou [lITeliHepa MOKHO 3aIncaTh KaK
1 2 2 1 2 2
dl =—a'dm+x"dm=| —a +x" |dm
12 12
WJIU C YU4ETOM BBIPAXEHUS JIJI1 MacChl dm
1 2 2
dl = Ea +x” |pacdx .

3anuieM MHTErpall o HalpaBJIEHUIO OCH X B Mpefenax ot -b/2 no b/2

LR
I = —a*+x* |pahdx.
I (12 jp

-b/2

BriHocuM noCTOSTHHBIE pac 3a 3HaK UHTCITPUPOBAHHA U THTCTPHUPYCM

N

" 1 X
]=pacI —a’ +x° |dx=pac| —a’x+— =
BNV 12 3

~b/2

1 .6 ( bY] 1{(bY ( BY 1 -
—pacl—a| 2| 22| [ 2] <[ 22 |V == pabe(a® +5?).
PA 12 {2 ( 2)} 3 (2) ( 2) ppabela’ ')

C yuéTtoM BBIpaXEHHUs M Macchl mapamienenunena m=pV =pabc

Imojay4dacm (I)OpMy.Hy MOMCHTa HHCPOUHU OJHOPOJAHOTO IIapaJIJICIICIIUIICIA

OTHOCHUTENBHO OCH, IPOXOSIIEH uepe3 LIEHTP Mace napaieabHo pedpy

=ém(a2 +b2).

napanienenuneoa

Jlns kyba a =b =c, ¥ TorJ1a MOMEHT UHEPIINH KyOa

L
l;=—ma".
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13. MomeHT MHEpLHH

OJIHOPOJHOTO KOHYyCa OTHOCHUTEIHHO A
ocu BpameHus OQO’, coBHajawmiend ¢

OCbI0 CHMMETPHHU.

PazbuBaem KOHYC Ha

QJICMCHTAPHBIC TOPU3OHTAJIBHBIC TOHKHUC

IUCKHU MaJIOH TOIIIMHEI dz 00BéEMOM dV

(puc. I1.13)

dV =mridz Puc. I1.13

u Maccoit dm=pdV
rie p=m/V — IIOTHOCTH KOHYyCa, M — Macca KOHyca, V' — ero o0beM.

MOMEHT MHEPILIMU BBIJICICHHOTO IMCKAa OTHOCUTENBbHO ocu OO’ paBeH

dl = lrza’m
2

WM ¢ Y4ETOM BBIPAXKEHHUS 111 MAacChl dm

1 1
dl ==pr*dV ==pmr'dz.
2p 2p

Pannyc »neMeHTapHOro TOHKOTO JUCKa 7 pPABEH paguycy IOBEPXHOCTU
KOHYCa Ha BBICOTE CEYEHUS U U3MEHSAETCS OT KOOPAUHATHI Z B COOTBETCTBUU C

dbopmynon

r=R[1-2
h

3anumiem HUHTCI'paJI 11O OCH z B IpCAcIax OT 0 a0 h, IMOACTAaBHUB BbLIPAXKCHUC

JUTSL pajinyca:

4

h
Izjlpn RI1-Z|| dz.
02 h

BreiHOCHMM MOCTOSIHHBIC 32 3HAK HHTCTPUPOBAHHA
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1 f zY
I = —an“J(l ——j dz .
2 0 h
Beeném 3ameny mepemennol x=1-z/h. Tlpomuddepentmpyem 310

BBIPAKCHUC
dx =—dz/h=> dz = —hdx .

OHpCIICJII/IM MMpCaciibl UHTCTPUPOBAHUS 10 X:

x,=1-0/h=1,
x,=1=h/h=0.
Torna
PN il 0 T
[=—pnR (—h)!x4dx25an4(—h) 3| = —prR*( h).(?_g):
_%an“h

o 2
C y4€TOM BBIPOXKEHMS U1 MacChl KoHyca m=pV, .. = 1/3pnR*h nonyuaem

dbopMyly MOMEHTa HHEpPLUUU OJHOPOJAHOTO KOHYCa OTHOCHUTEJIBHO OCH

BpallicHuA, COBHaI[aIOI_Heﬁ C OChIO CUMMCTpPHUHN

]KOH ca = imRz
10
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14. MoOMEHT MHEpUUH OJHOPOJIHOW MUPAMUIBI OTHOCUTENBHO ocu OO’

MPOXOJALIEH Yepe3 €€ HEHTP MACC U BEPIIUHY.

Pa3zouBaem nupaMuay — Ha
AIeMEHTapHble  o0JacTH B BUJE
TOPU3OHTANBHBIX IJIACTUHOK MaJon
TONUHBI dz 00bEMoM dV (puc. I1.14)

dV =4xydz
U Maccou
dm=pdV

rae p=m/V — IIOTHOCTH MHUPAMH/IBL,

m — Macca mupaMmuibL, V — e€ 00bEM.

Puc. I1.14

MowmeHT WHEPLUHU BBIJICJICHHON
IUIACTUHKHU OTHOCUTEIILHO OCH BpAILEHUS, TPOXOASAIIECH uepe3 €€ LEeHTP Macc,
B COOTBETCTBUU C (HOPMYJIOH MOMEHTa MHEPIIUH 715 TTapasuielienuea paBeH

dl :é((bc)2 +(2y)2)dm =%(x2 + yz)dm

WK ¢ y4ETOM BBIPAXKCHUS JIJIs1 MacChl dm
1 4
dl =—(x* +v*)pdV =—(x* + y* ) pxydz .
(7407 )pdy = (7 + 57y
3anuiemM HHTErpaj 1o z B npeaeiax ot 0 1o /4
T4
I=|=pxy(x*+y°)dz.
£3p (> +)?)

KOOpI[I/IHaTBI X MWy 3aJal0T pasMCpbl BbIACIKICMBIX TOHKHX IINIACTUH U
ONpPCACIAOTCA B 3dBUCUMOCTH OT 3HAYUCHUSA KOOPAWHATHI Z B COOTBCTCTBUU C

BBIPpAKCHUAMHA
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. N 1 z
Jlns ynpoieHus 3anucei BBeAEM 0003HAUYCHHE A :E(I_Zj U TepernuiiemM
. x(z) =+*al,
MIpUBEIEHHBIC BBIIIE (POPMYIIBI B BUJIE
y(z) = 1DA.

[Tpousseném 3ameny nepemeHHo# z Ha A [lpoauddepeHiupyem BoipakeHUe

1 z
A= 5(1 - Zj Y OTIPEICIIUM TIPEICIIbl UBMEHEHUS A.

d\= —Ldz =dz=-2hd\,
2h

r=0=a=1[1-2)=L s 1-E 0.
2 h) 2 2 h

3anuiieM UHTErpai mo A B mpejaenax uHterpupoBanus ot 0 go 1/2, momeHss
MeCTaMU 3THU Mpeaeiabl C y4eToM 3Haka «MHHYC» B auddepeHuuane u

MOJICTaBUB 3HaueHUs1 QyHKUMH X(2) U y(2).

I= ]/fg(( ) +(61)" )p(an)(b1) 20 = Tgpabh(az +b* )\

0

BeiHOCMM MOCTOSIHHBIE 3a 3HAKH HHTCTPUPOBAHUA H OIPCACIIACM

3HAYCHUC MOMCHTA MHCPIIUHU

1/2 512

I :gpabh(az2 +b2) I Ad :gpabh(az2 +b2).%

0

0

> 5
zgpalbh(az2 +b2).[@—%J :ﬁpaxbh(dﬂ2 +b2).

C yu€TOoM BBIpOKEHMS JJIsI Macchl NUpaMUIbl m=pV, =

nupamuosl
=p-1/3S, h=1/3pabh momy4aem GopMyiy MOMEHTa WHEPLHH OIXHOPOIHON

MUPAMUbI OTHOCUTEIIBHO OCH, TPOXOAIIEH Yepe3 €€ HEHTP MacC U BEPIIUHY:

=Lm(az2 +b2).

nUpamuosl 2 O
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15. MoMeHT HHEPLIMH OJTHOPOIHOIO 1Iapa OTHOCUTENBHO ocu OO0’

MPOXOIAIEH Yepe3 ero HEeHTpP Macc.

PazOuBaeM map Ha 3JIeMEHTAapHBIC JUCKH CEO
TOJNIUHON dz, 00bEMoM dV (puc. I1.15) P N
AV =nrdz
1 Maccou
dm=pdV,

Tac p=m V' — nnoTHOCTH Iapa
b

m — Macca 1iapa,

V — ero o0BéM.

Puc. I1.15

MowmeHT HHCPIHUH BBIACIICHHOI'O JHUCKa

OTHOCHUTENBHO ocu OO’ paBeH
dl = Erzdm

WM ¢ YYETOM BBIPKCHHS JIJIT MacChl dm
2 4
dl =pr°dV =pnrdz.
Pamnyc aeMeHTapHOTO TOHKOTO JHMCKA 7 U3MEHSACTCS OT KOOPAWHATHI Z

B COOTBETCTBUU C BBIPAXKEHUEM
2 2
r= (R -z )
3anuiiemM MHTErpai Mo ocu z OT -R 10 R, MOACTaBUB BBIPAKECHUE IS

paauyca:

I= T%pnﬂ/(Rz _22)}4&: T%pn(Rz —zz)zdz.
“r "R

BeiHOCMM TOCTOSIHHBIE 3a 3HaK HHTCTPUPOBAHUA W OIPCACIIACM

3HAYCHUC MOMCHTA MHCPIIUHU
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I :%pnf (R2 —22)2 dz :%pnf (R4 2R’z +z4)dz =

—R -R

R 5

R R R 3 R
=lp7'c R4sz—2R2Jzzdz+Jz4dz :lpn R4-z‘R —2R2-Z— +Z_ —
2 -R -R -R 2 o 3 -R S -R
L e TR 122 (R — (Y 1o M R —(—rY L 2
_2pn{R [R-(-R)]-3R [R (R)}+5[R (-R) }}_

1 4 2 8
=—pn| 2R’ ——R’+ =R’ |=——pnR’
pn( 3 j 3.50"

C yu€roMm BbIpOKEHMA Uil Macchl Imapa m=pV, . =4/3pnR’

nojry4yacm (1)OpMy.Hy MOMCHTAa HMHCPIHUKU OJHOPOIHOTO IIdpad OTHOCHUTCIIBHO

OCH, HpOXOI[SII.HCﬁ qcpe3 €10 HCHTP MACC:
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